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PREFACE 


In this book, the authors introduce the notion of Super linear 
algebra and super vector spaces using the definition of super 
matrices defined by Horst (1963). This book expects the readers 
to be well-versed in linear algebra. 

Many theorems on super linear algebra and its properties 
are proved. Some theorems are left as exercises for the reader. 
These new class of super linear algebras which can be thought 
of as a set of linear algebras, following a stipulated condition, 
will find applications in several fields using computers. The 
authors feel that such a paradigm shift is essential in this 
computerized world. Some other structures ought to replace 
linear algebras which are over a century old. 

Super linear algebras that use super matrices can store data 
not only in a block but in multiple blocks so it is certainty more 
powerful than the usual matrices. 

This book has 3 chapters. Chapter one introduces the notion 
of super vector spaces and enumerates a number of properties. 
Chapter two defines the notion of super linear algebra, super 
inner product spaces and super bilinear forms. Several 
interesting properties are derived. The main application of these 
new structures in Markov chains and Leontief economic models 


are also given in this chapter. The final chapter suggests 161 
problems mainly to make the reader understand this new 
concept and apply them. 

The authors deeply acknowledge the unflinching support of 
Dr.K.Kandasamy, Meena and Kama. 


W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 


Chapter One 


SUPER VECTOR SPACES 


This chapter has four sections. In section one a brief 
introduction about supermatrices is given. Section two defines 
the notion of super vector spaces and gives their properties. 
Linear transformation of super vector is described in the third 
section. Final section deals with linear algebras. 


1.1 Supermatrices 


Though the study of super matrices started in the year 1963 by 
Paul Horst. His book on matrix algebra speaks about super 
matrices of different types and their applications to social 
problems. The general rectangular or square array of numbers 
such as 


C=[3, 1,0,-1,-2]andD=] 2 


are known as matrices. 

We shall call them as simple matrices [17]. By a simple 
matrix we mean a matrix each of whose elements are just an 
ordinary number or a letter that stands for a number. In other 
words, the elements of a simple matrix are scalars or scalar 
quantities. 

A supermatrix on the other hand is one whose elements are 
themselves matrices with elements that can be either scalars or 
other matrices. In general the kind of supermatrices we shall 
deal with in this book, the matrix elements which have any 
scalar for their elements. Suppose we have the four matrices; 


ed 0 40 
a= , aps 
ois Biers (eo ego 


3. -l 4 12 
a,=|5 7]anda,=/-17 6 
2 9 3 611 


One can observe the change in notation aj denotes a matrix and 
not a scalar of a matrix (1 <i, j <2). 


Let 
- tC ayy Z 
a = bf 
a5) An. 


we can write out the matrix a in terms of the original matrix 
elements i.e., 


5 7|-17 6 
ee ee 


Here the elements are divided vertically and horizontally by thin 
lines. If the lines were not used the matrix a would be read as a 
simple matrix. 


Thus far we have referred to the elements in a supermatrix 
as matrices as elements. It is perhaps more usual to call the 
elements of a supermatrix as submatrices. We speak of the 
submatrices within a supermatrix. Now we proceed on to define 
the order of a supermatrix. 

The order of a supermatrix is defined in the same way as 
that of a simple matrix. The height of a supermatrix is the 
number of rows of submatrices in it. The width of a supermatrix 
is the number of columns of submatrices in it. 

All submatrices with in a given row must have the same 
number of rows. Likewise all submatrices with in a given 
column must have the same number of columns. 

A diagrammatic representation is given by the following 
figure. 


In the first row of rectangles we have one row of a square 
for each rectangle; in the second row of rectangles we have four 
rows of squares for each rectangle and in the third row of 
rectangles we have two rows of squares for each rectangle. 
Similarly for the first column of rectangles three columns of 
squares for each rectangle. For the second column of rectangles 
we have two column of squares for each rectangle, and for the 
third column of rectangles we have five columns of squares for 
each rectangle. 

Thus we have for this supermatrix 3 rows and 3 columns. 

One thing should now be clear from the definition of a 
supermatrix. The super order of a supermatrix tells us nothing 
about the simple order of the matrix from which it was obtained 


by partitioning. Furthermore, the order of supermatrix tells us 
nothing about the orders of the submatrices within that 
supermatrix. 

Now we illustrate the number of rows and columns of a 
supermatrix. 


Example 1.1.1: Let 


3/3 0 1 4 
1/2. A SM 36 
a=|0/3 4 5 6 
1/7 8 9 0 
2 22s Ba 


a is a Supermatrix with two rows and two columns. 


Now we proceed on to define the notion of partitioned matrices. 
It is always possible to construct a supermatrix from any simple 
matrix that is not a scalar quantity. 

The supermatrix can be constructed from a simple matrix 
this process of constructing supermatrix is called the 
partitioning. 

A simple matrix can be partitioned by dividing or separating 
the matrix between certain specified rows, or the procedure may 
be reversed. The division may be made first between rows and 
then between columns. 

We illustrate this by a simple example. 


Example 1.1.2: Let 


3 0 112 +0 

1 003 5 2 

5 -1 678 4 
A= 

09 12 0 -!1 

25 23 4 6 

1 6 12 3 9 


is a 6 X 6 simple matrix with real numbers as elements. 
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3 O0/;1 1 2 =O 

1 0/0 3 5 2 

5 -1/6 7 8 4 
Ay = 

0 9/1 2 0 -1 

2 5|;2 3 4 6 

1 6/1 2 3 9 


Now let us draw a thin line between the 2" and 3™ columns. 
This gives us the matrix A;. Actually A; may be regarded as 
a supermatrix with two matrix elements forming one row and 
two columns. 
Now consider 


3 0 112 ~0 

1003 5 2 

5 -l1 6 7 8 4 
Ao = 

0 12 0 -1 

2 23 4 6 

1 1 2) 3. 9 


Draw a thin line between the rows 4 and 5 which gives us the 
new matrix A. A» is a supermatrix with two rows and one 
column. 

Now consider the matrix 


3 Lot 2 0 
1 Oe 2 a 
3 Sb || 6 2p" a 
A3= > 
OG. 95 bo 2 0. ot 
Be Dede Ae OG 
We G2 P2329 


A; is now a second order supermatrix with two rows and two 
columns. We can simply write A; as 


where 
3 
ale 
a= 5 |’ 
0 9 
1 12 0 
03 5 2 
ae eee a 
12 0 -l 


Bah a ae ae 
= and ao2 = 3 
sae peer a | 2 Se 9 


The elements now are the submatrices defined as aj, a)2, a2, and 
ay. and therefore A; is in terms of letters. 

According to the methods we have illustrated a simple 
matrix can be partitioned to obtain a supermatrix in any way 
that happens to suit our purposes. 

The natural order of a supermatrix is usually determined by 
the natural order of the corresponding simple matrix. Further 
more we are not usually concerned with natural order of the 
submatrices within a supermatrix. 

Now we proceed on to recall the notion of symmetric 
partition, for more information about these concepts please refer 
[17]. By a symmetric partitioning of a matrix we mean that the 
rows and columns are partitioned in exactly the same way. If the 
matrix is partitioned between the first and second column and 
between the third and fourth column, then to be symmetrically 
partitioning, it must also be partitioned between the first and 
second rows and third and fourth rows. According to this rule of 
symmetric partitioning only square simple matrix can be 


12 


symmetrically partitioned. We give an example of a 
symmetrically partitioned matrix ag, 


Example 1.1.3: Let 


as = 


Here we see that the matrix has been partitioned between 
columns one and two and three and four. It has also been 
partitioned between rows one and two and rows three and four. 


Now we just recall from [17] the method of symmetric 
partitioning of a symmetric simple matrix. 


Example 1.1.4: Let us take a fourth order symmetric matrix and 
partition it between the second and third rows and also between 
the second and third columns. 


RRL DN WwW 


NO Une NY 
SN NI BN 


4 
3 
2; 
7 


We can represent this matrix as a supermatrix with letter 


elements. 
4 3 2-7 
a = 5a —f 
ia cy ns | 


21) 4 549 
a1 = and ay = : 
Ee Na oh oF epee 


so that 


The diagonal elements of the supermatrix a are a); and a2. We 
also observe the matrices aj; and ag are also symmetric 
matrices. 

The non diagonal elements of this supermatrix a are the 
matrices aj; and a). Clearly a, is the transpose of ajo. 

The simple rule about the matrix element of a 
symmetrically partitioned symmetric simple matrix are (1) The 
diagonal submatrices of the supermatrix are all symmetric 
matrices. (2) The matrix elements below the diagonal are the 
transposes of the corresponding elements above the diagonal. 

The forth order supermatrix obtained from a symmetric 
partitioning of a symmetric simple matrix a is as follows. 


Ay, yy 3 Ay 
ao Ain Ay Ang Ang 
ai; 8; Ay gy 
Qi, ay ay Ay 


How to express that a symmetric matrix has been symmetrically 
partitioned (i) aj, and a‘), are equal. (ii) a\j (i # j); a, = aj and 
ais = aj. Thus the general expression for a symmetrically 
partitioned symmetric matrix; 


ayy ajo ai, 
' 
= a 12 a> a5, 
a= . 3 3 
a’, a’ a 
In 2n nn 


If we want to indicate a symmetrically partitioned simple 
diagonal matrix we would write 
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0' only represents the order is reversed or transformed. We 
denote ai =a’; just the ' means the transpose. 


D will be referred to as the super diagonal matrix. The 
identity matrix 


IL 0 0 
I=|0 I, 0 
001 


s, t and r denote the number of rows and columns of the first 
second and third identity matrices respectively (zeros denote 
matrices with zero as all entries). 


Example 1.1.5: We just illustrate a general super diagonal 
matrix d; 


Qa 
II 
oOo CO] MN WwW 
oo O]lNKN 
oo O]CO WN 
wml oo 


ated 
Le., d= : 
0 m, 


An example of a super diagonal matrix with vector elements is 
given, which can be useful in experimental designs. 


Example 1.1.6: Let 


oo o;}o};Co ool o oO] FF Fe 


oO 


Here the diagonal elements are only column unit vectors. In 
case of supermatrix [17] has defined the notion of partial 
triangular matrix as a supermatrix. 
Example 1.1.7: Let 

2 1 1/3 2 

u=|0 5 2}]1 1 

OO: D2 

u is a partial upper triangular supermatrix. 


Example 1.1.8: Let 


5 00 0 0 
720 0 0 
12 3 0 0 
L=/|4 5 6 7 QO]; 
12 5 2 6 
12 3 4 5 
010 1 0 
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L is partial upper triangular matrix partitioned as a supermatrix. 


T : . Sf sess 
Thus T = = where T is the lower triangular submatrix, with 
a 


eS 

ll 
pe BRR INN 
NNN NY O&O 
Aanwo eo 
NN co CO 
nooo Cc SO 

fee) 

i=) 

Q. 

o 

ll 

Ss al 

_ 

NO 

LoS) 

& 

Nn 

—s 


We proceed on to define the notion of supervectors i.e., Type I 
column supervector. A simple vector is a vector each of whose 
elements is a scalar. It is nice to see the number of different 
types of supervectors given by [17]. 


Example 1.1.9: Let 


< 
| 
NY UR We 


This is a type I i.e., type one column supervector. 


where each vy; is a column subvectors of the column vector v. 


Type I row supervector is given by the following example. 
Example 1.1.10: v' = [2 3 1 | 5 7 8 4] is a type I row 
supervector. 1.e., v' = [v'), V2, ..., V'n] where each v'; is a row 
subvector; 1 <i<n. 

Next we recall the definition of type II supervectors. 


Type II column supervectors. 


DEFINITION 1.1.1: Let 


a, Ap» An, 
Ay, Any Ay, 
a= 
an ano Qaim 
The 
a = [ar vee Aim] 
az = [Gr .... Arm] 
i a 
Ay = [any ... An] 
1 
a, 
x 
2 
1.€é., a = . 
1 
a 


is defined to be the type II column supervector. 


Similarly if 
ay Ay» Qin 
a a a 
1 21 2 22 2 
oe 7a = piueae te = 
any a2 Aim 


Hence now a = [a' a’ ... a], is defined to be the type II row 
supervector. 
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Clearly 
a, 
a=|? 


1 
a 


"Im 


the equality of supermatrices. 


Example 1.1.11: Let 


[3 6 0 4 5 
216 3 0 
A=/1 1 1 2 1 
010 1 0 
2012 1 


be a simple matrix. Let a and b the supermatrix made from A. 


n> el fl el et @ 
- O}1- BD O&O 


where 


,a2=|3 OF, 


2 

fn 
KEN WwW 
oN 

ron 


: — | Ay Ay 
i.e., a= ; 
A, Ayo 


b= be ia 
De b,, 
where - 
3 6 0 4 5 
2 1 6 3 0 
by = ,bn= ; 
ee, aie a “place eg 
0101 0 
by; =[2 01 2 ] and b3, = [1]. 
13 6 01/4 5 
2 1 6|3 0 
a=/1 1 1/2 1 
01 0}1 0 
[2 Os 2. A 
and 


We see that the corresponding scalar elements for matrix a and 
matrix b are identical. Thus two supermatrices are equal if and 
only if their corresponding simple forms are equal. 


Now we give examples of type III supervector for more 
refer [17]. 
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Example 1.1.12: 

7 8 

6 9} = [T'|a'] 
Ve2 


and 


are type III supervectors. 


One interesting and common example of a type III supervector 
is a prediction data matrix having both predictor and criterion 
attributes. 

The next interesting notion about supermatrix is_ its 
transpose. First we illustrate this by an example before we give 
the general case. 


Example 1.1.13: Let 


2 1 3/5 6 
02 0/1 1 
ile ane Galle me 

a=|2 2 0/1 1 
5 6 1/0 1 
20 0\0 4 
[i Os a | 5 

ai, AyD 
Ax, Ayo 
a,, a 
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where 


2 1 3 5 6 
ay, = 0 2 0 5 A12 1 1 ‘ 
1 1 1 0 2 


© 
S) 
fies oe 
nA nN 
NN 
an) 
Ss) 
job) 
Nv 
N 
Il 
| 
Co —_— 
ee 
[2 


Pee St Be De Sa oD 
1 2 1/2 6|0 0 
a=a'=|3 0 1/0 1/0 1 
5 1 0]1 0/0 1 
6 1 2}/1 1/4 5 


Let us consider the transposes of aj), aj2, a2), 422, a3; and a3. 


[2 0 1 

a= ay, =| 1 2. 
[eds Oy al 

[5 1 0 

ate ole Ne ot 2D 
2025 

ar, Ce 6 
0 1 
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Ay, Ay 

Ay, Any Any 
a = a . 

ani ano aim 


be a n X m supermatrix. The transpose of the supermatrix a 
denoted by 


11 ay, nl 
' ' ' 
he 12 a> n2 
a= : . 
' ' ' 
Aim Aom am 


a' is a m by n supermatrix obtained by taking the transpose of 
each element i.e., the submatrices of a. 
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Now we will find the transpose of a symmetrically partitioned 
symmetric simple matrix. Let a be the symmetrically partitioned 
symmetric simple matrix. 


Let a be am X m symmetric supermatrix 1.e., 


Ay Ay, AY 

—, aj5 Ay, m2 
a= t . 

Aim Aon Aiom 


the transpose of the supermatrix is given by a' 


aij (a',)' poe (ain) 


a' =— At) a's _ (a},.)' 


The diagonal matrix a); are symmetric matrices so are unaltered 
by transposition. Hence 


! — ! = ! om 
411 = 411, 222 = 422, ---5 Amm — Amm: 


Recall also the transpose of a transpose is the original matrix. 
Therefore 


(a1)! = a12, (a'}3)' = A135 «+65 (a')' = aij. 


Thus the transpose of supermatrix constructed by 
symmetrically partitioned symmetric simple matrix a of a’ is 
given by 


4), yd Aim 
' 
1 a>) a> Aom 
a= 3 5 
' ' 
Aim Aon —_ Ain 
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Thus a= a’. 
Similarly transpose of a symmetrically partitioned diagonal 
matrix is simply the original diagonal supermatrix itself; 


ie., if 


d', = dj, d's = d> etc. Thus D =D". 
Now we see the transpose of a type I supervector. 


Example 1.1.14: Let 


Se MInA nA BIN HK W 


The transpose of V denoted by V' or V' is 


V?=[312|457([5 1]. 
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If 


where 
3 
Vi 1 
2 
Thus if 
then 


Example 1.1.15: Let 


Le., t’ 


oO 


Re ON 


(en SE el 
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The addition of supermatrices may not be always be defined. 


Example 1.1.16: For instance let 


and 


where 


ar = [4 3], az. = [6]. 


bi = [2], by =[1 3] 


It is clear both a and b are second order square supermatrices 
but here we cannot add together the corresponding matrix 
elements of a and b because the submatrices do not have the 


same order. 


1.2 Super Vector Spaces and their properties 


This section for the first time introduces systematically the 
notion of super vector spaces and analyze the special properties 
associated with them. Throughout this book F will denote a 
field in general. R the field of reals, Q the field of rationals and 
Z, the field of integers modulo p, p a prime. These fields all are 


real; whereas C will denote the field of complex numbers. 
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We recall X = (xX X2 | X3 X4 Xs5 | Xe) iS a Super row vector 
where x; € F; F a field; 1 <1 < 6. Suppose Y = (y1 y2| y3 ya Ys | 
Yo) with y; e F; 1 <i < 6 we say X and Y are super vectors of 
the same type. Further if Z = (Z, Z2 Z3 Z4| Zs Ze) Z, € F; 1 <i <6 
then we don’t say Z to be a super vector of same type as X or Y. 
Further same type super vectors X and Y over the same field are 
equal if and only if x; = y; fori = 1, 2, ..., 6. Super vectors of 
same type can be added the resultant is once again a super 
vector of the same type. The first important result about the 
super vectors of same type is the following theorem. 


THEOREM 1.2.1: This collection of all super vectors S = {X = 
(X) X70. Xp | Xpay vee Xj | Kjey oe Xp41| X42 «. Xy) |x; EF}; Fa field, 
ISisn {1<2<..<r<rt+1]1 <...<i<itl< .<ttl< 
...< nf of this type is an abelian group under component wise 
addition. 


Proof: Let 


X = (x; KO) td Xr | Xp wee XY | Xj+] ... Xt | Xt+2 .-- Xn) 
and 
Y = (Yi Yo --- Ye] Yeu --- Yi | Yisw «+» Yer| Yrr2 --- Yn) ES. 


X+Y = {Ki tyr Xo t+ yo... Xe t+ Ye | Xr + Yer --. Xi + Yi | Kis 
+ Vit ... Xtey Yer Xti2 + Yt2 ... Xn + Yn)} 


is again a super vector of the same type and is in S as xi + yi € 
F;1<i<n. 

Clearly (00... 0|0...0|0...0|]0...0) eSasOeF. 
Now if 

XK = (KX, Xp... X, | Xe ee. Xi] Xisy --- Xt] Xu... Xa) E S 
then 
X =( ?. Ge? Gee X, | Xrt+] .e. X; | Xjt+] ..- X41 Xtt+2 2. Xn) € 
S with 

X +(-X) = (-X)+ X= (00... 0/0...0]0... 0] 0...0) 


AlsoX+Y=Y+X. 


Hence S is an abelian group under addition. 
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We first illustrate this situation by some simple examples. 


Example 1.2.1: Let Q be the field of rationals. Let S = {(x; x2 x3 
| X4 X5) | Xi, ..., Xs € Q}. Clearly S is an abelian group under 
component wise addition of super vectors of S. Take any two 
super vectors say X = (3 2 1|-5 3) and Y=(024|1-2)inS. 

We see X + Y=(345|-—41)andX+Y eS. Also (0000 
| 0 0) acts as the super row zero vector which can also be called 
as super identity or super row zero vector. Further if X = (5 7 — 
3| 0 —1) then —X = (5 —7 3] 0 1) is the inverse of X and we see 
X + (-X) = (0 0 0 | 0 0). Thus S is an abelian group under 
componentwise addition of super vectors. 

If X'= (3 1 1 4|5 6 2) is any super vector. Clearly X' ¢ S, 
given in example 1.2.1 as X' is not the same type of super 
vector, as X' is different from X = (xX, X2 X3 | X4 Xs). 


Example 1.2.2: Consider the set S = {(xX, | X2 X3 | X4 Xs) | Xi € Q; 
1 <1 <5}. S is an additive abelian group. We call such groups 
as matrix partition groups. 


Every matrix partition group is a group. But every group in 
general is not a partition group we also call the matrix partition 
group or super matrix group or super special group. 


Example 1.2.3: Let S = {(x; X2 X3) | xi € Q; 1 <i<3}.Sisa 
group under component wise addition of row vectors but S is 
not a matrix partition group only a group. 


Example 1.2.4: Let 


X, | Xs Xe 
X, |X, Xe . 
P= |x; ¢ Q;i=1,2,..., 12}. 
X3 | Xg Xo 
Xy |X X12 
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Clearly P is a group under matrix addition, which we choose to 
call as partition matrix addition. P is a partition abelian group or 
we call them as super groups. Now we proceed on to define 
super vector space. 


DEFINITION 1.2.1: Let V be an abelian super group i.e. an 
abelian partitioned group under addition, F be a field. We call 
V a super vector space over F if the following conditions are 
satisfied 


(i) forally © Vande €F, vc and cvare in V. Further 
ve = cv we write first the field element as they are 
termed as scalars over which the vector space is 
defined. 

(ii) for all v;, v2 € V and for all c € F we have c(v; + 
V2) = cv; + cv2. 

(iii) also (v; + v2) c =v Cc + v2. 

(iv) fora, b € Fand v; € V we have (a + b) v; = av; + 
bv; also v; (a + b) = via + v,b. 

(v) for everyvy €Vand1 €F, lv=v.l=v 

(vi) (C1 C2) V = C; (Cav) for all v € V and c), co € F. 


The elements of V are called “super vectors” and elements of F 
are called “scalars”. 


We shall illustrate this by the following examples. 


Example 1.2.5: Let V = {(X; X2 X3 | X4) | x} € R3 1 <1< 4, the 
field of reals}. V is an abelian super group under addition. Q be 
the field of rationals V is a super vector space over Q. For if 10 


€ Q and v=(V2 51|3)eV; 10v =(10V2 50 10 | 30) € V. 

Example 1.2.6: Let V = {(X, X2 X3 | X4) | Xi € R, the field of reals 
1 <i < 4}. V is a super vector space over R. We see there is 
difference between the super vector spaces mentioned in the 


example 1.2.5 and here. 


We can also have other examples. 
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Example 1.2.7: Let 


V= Yo |) Yi Y¥5¥3€Q : 


Clearly V is a super group under addition and is an abelian 
super group. Take Q the field of rationals. V is a super vector 
space over Q. Take 5 € Q, 


-1 
v=/|2]/imnV 

4 

—5 
5v=/10]/ eV 

20 


As in case of vector space which depends on the field over 
which it has to be defined so also are super vector space. 


The following example makes this more explicit. 


Example 1.2.8: Let 


Yi 
V= 41 ¥2 || Yio Y2o¥3€ Q; the field of rational} ; 


Y3 


V is an abelian super group under addition. V is a super vector 
space over Q; but V is not a super vector space over the field of 


reals R. For 2 ER; 
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5 5/2 
V2v=2]1] =| v2 Jev 
3) | 3V2 


as 5/2, J2 and3 2 ¢ Q. So V is not a super vector space 
over R. 


We can also have V as a super n-tuple space. 


Example 1.2.9: Let V = {F" |...| F"\} where F is a field. V is a 


super abelian group under addition so V is a super vector space 
over F. 


Example 1.2.10: Let V = {(Q’| Q?| Q’) = {(x1 x2 X3 | yi Y2 V3 | Z1 
Zo) | Xi Ye Z) € Q} 1 S153; 15k <3; 15) <2}. Visa super 
vector space over Q. Clearly V is not a super vector space over 
the field of reals R. 


Now as we have matrices to be vector spaces likewise we have 
super matrices are super vector spaces. 


Example 1.2.11: Let 


xy Xo Xo X19 Xi 
xy Rp ee Bee ox 
3 4 12 13 14 : 
A= x, €Q; 1<1<20 
Xs Xe X15 X16 Xi 
Rae yl Rage Bee 


be the collection of super matrices with entries from Q. A is a 
super vector space over Q. 
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Example 1.2.12: Let 


Ke KE a 
X Xo 10 


V is a super vector space over Q. 


Pa 


x, ER; sist0} 


Example 1.2.13: Let 
x 


»¢ »¢ »,¢ 
1 2 5 7 
X3;  Xy Xg |X Xo 
V is a super vector space over R. V is also a super vector space 


over Q. However soon we shall be proving that these two super 
vector spaces are different. 


x, ER; isto 


Example 1.2.14: Let 


ay ay | Be Ay : 
A= a,€Q; 1<1<16 
ay aio a3 14 
a, 4, /a; a 


V is a super vector space over Q. However V is not a super 
vector space over R. 


We call the elements of the super vector space V to be super 
vectors and elements of F to be just scalars. 


DEFINITION 1.2.2: Let V be a super vector space over the field 
F. A super vector B in V is said be a linear combination of super 
vectors Q), ..., Q@, in V provided there exists scalars Cc), ..., Cy in 


F such that B= c);Q)+ ... + Cy Qn, = eas 
i=l 
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We illustrate this by the following example. 

Example 1.2.15: Let V = {(a a2 | a3 a4 as | a6)| ai EC Q] 1 Sis 
6}. V is a super vector space over Q. Consider B = (75 | 02 8 | 
9) a super vector in V. Leta, =(11|201|-1), m2 =(5-3|12 
5 | 5) and a3 = (0 7| 3 1 2 | 8) be 3 super vectors in V. We can 
find a, b, c in Q such that aa, + baz + ca; = B. 


i 


A is a super vector space over Q. 


Let 
8 12) 5 ‘ 
= EA. 
8 |-l 


C1} )e4 


Example 1.2.16: Let 


a redeo}: 


We have for 


meas pee 8 
8 |-1 
Now we proceed onto define the notion of super subspace of a 


super vector space V over the field F. 
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DEFINITION 1.2.3: Let V be a super vector space over the field 
F. A proper subset W of V is said to be super subspace of V if W 
itself is a super vector space over F with the operations of super 
vector addition and scalar multiplication on V. 


THEOREM 1.2.2: A non-empty subset W of V, V a super vector 
space over the field F is a super subspace of V if and only if for 
each pair of super vectors a, B in W and each scalar c in F the 
super vector ca + f is again in W. 


Proof: Suppose that W is anon empty subset of V; where V is a 
super vector space over the field F. Suppose that ca + B belongs 
to W for all super vectors a, B in W and for all scalars c in F. 
Since W is non-empty there is a super vector p in W and hence 
(-l)p + p = 0 is in W. Thus if @ is any super vector in W and c 
any scalar, the super vector ca = ca. + 0 is in W. In particular, (— 
1) a= -o is in W. Finally if o and B are in W thena+B=1.a+ 
B is in W. Thus W is a super subspace of V. 


Conversely if W is a super subspace of V, a and B are in W and 
c is a scalar certainly ca + B is in W. 


Note: If V is any super vector space; the subset consisting of the 
zero super vector alone is a super subspace of V called the zero 
super subspace of V. 


THEOREM 1.2.3: Let V be a super vector space over the field F. 
The intersection of any collection of super subspaces of V is a 
super subspace of V. 


Proof: Let {W,} be the collection of super subspaces of V and 
let W= (\w, be the intersection. Recall that W is defined as 


the set of all elements belonging to every W, (For if x € W = 
(\w, then x belongs to every W,). Since each W, is a super 
subspace each contains the zero super vector. Thus the zero 
super vector is in the intersection W and W is non empty. Let a 
and B be super vectors in W and c be any scalar. By definition 
of W both o and B belong to each W, and because each W, is a 
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super subspace, the super vector ca + B is in every W,. Thus ca 
+ B is again in W. By the theorem just proved; W is a super 
subspace of V. 


DEFINITION 1.2.4: Let S be a set of super vectors in a super 
vector space V. The super subspace spanned by S is defined to 
be the intersection W of all super subspaces of V which contain 
S. When S is a finite set of super vectors, that is S = {t1, ..., nf 
we shall simply call W, the super subspace spanned by the super 
vectors {A}, ..., On. 


THEOREM 1.2.4: The super subspace spanned by a non empty 
subset S of a super vector space V is the set of all linear 
combinations of super vectors in S. 


Proof: Given V is a super vector space over the field F. W be a 
super subspace of V spanned by S. Then each linear 
combination @ = x; + ... + X,Q, of super vectors Ou, ..., On in 
S is clearly in W. Thus W contains the set L of all linear 
combinations of super vectors in S. The set L, on the other 
hand, contains S and is non-empty. If a, B belong to L then a is 
a linear combination. 


Q=XjQ; +... Xm 
of super vectors 1), ..., min S and B is a linear combination. 


B=yiBit... + ¥mBm 


of super vectors B; in S; 1 <j < m. For each scalar, 


ca +p = > (cx;) a, + » y 6, 
isl j=l 


xi, yi € F} 1 <i,j <m. 

Hence ca + B belongs to L. Thus L is a super subspace of V. 
Now we have proved that L is a super subspace of V which 

contains S, and also that any subspace which contains S 

contains L. It follows that L is the intersection of all super 
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subspaces containing S, i.e. that L is the super subspace spanned 
by the set S. 


Now we proceed onto define the sum of subsets. 


DEFINITION 1.2.5: /f S), .... Sx are subsets of a super vector 


space V, the set of all sums a, + ... + ax of super vectors a; in S; 
is called the sum of the subsets S}, S2, .... Sx and is denoted by 


K 
S; +... + Sx or by YS: 


i=l 


If W,, ..., Wx are super subspaces of the super vector space V, 
then the sum W = W, + W, + ... + Wk is easily seen to be a 
super subspace of V which contains each of super subspace W,. 
i.e. W is the super subspace spanned by the union of W, W>, ..., 
Wr, 1 Si SK. 


Example 1.2.17: Let 


x; € Q; 1<i<16 


Let 
x, [0 0 0 
x,|0 0 0 
W, = 0 X1,X%3,X6, Xg,X13,X14,X8, X155 X16 € Q} 
X& X13 Xi4 
O |X, Xs Xie 


W, is clearly a super subspace of V. 


Let 
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X5,X_, EQ > 


W) is a super subspace of V. 


Take 
Or 363 9 10 
O|x, x 
W, = 0 > * = Xy9 Xgq, X4oXiqoX.Xi2 © Q 
0/0 0 0 


a proper super vector subspace of V. 
Clearly V = W, + W2+ W3 Le., 


Xi) || Me Re, ee x,|0 O 0O 
X3 5 Xi Xp] |%,| 0 O 0 2 
Xs | Xe X13 Xi4 0 X 6 11 Xi4 
Xy X X15 X16 0 Xe X15 Xig 
0;0 0 0 gl KE. 
0|0 0 0 n Rie G5 
x, |0 0 0 0 0 0 
x,|0 0 0 0 | Of. 208 


The super subspace 


314j; 1<i,j<3. 


W, ()W, = 
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Example 1.2.18: Let V= {(abc|de|fgh)|a,b,cde¢,f, gh 
€ Q} be a super vector space over Q. Let W; = {(abc|0e/00 
0 0)|a, b, c, e € Q}, W, is a super space of V. Take W2 = {(0 0 
c|00|fgh)|f, g, h,c € Q}; W2 is a super subspace of V. 


Clearly V = W, + W2 and W; 7 W2= {(00c|00/000)|ce 
Q} is a super subspace of V. In fact W; ~ W> is also a super 


subspace of both W,; and W>. 


Example 1.2.19: Let 


a,b,c,d,e,f,g eR 


< 
Il 
glmoeoenal|es 2 


V is a super vector space over Q. Take 


c,d,e,f eR >, 


lI 
Slmoanaslos 


W, is a super subspace of V. 
Let 
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a,b,geR >, 


= 
Il 
Talooaoqoooldg =® 


W> is a super subspace of V. In fact V = W, + W2 and 


0 
0 
0 
W = WoW, =/9 
0 
0 
0 
is the super zero subspace of V. 
Example 1.2.20: Let 
v= {( X, |X; Xy Xs 
xX, Xy Xo X19 Xi X19 


such that x; © Q; 1 <i< 12}, be the super vector space over Q. 


Let 
x, xX,/0 0 0|0 
W, = 
Xx, X,|0 0 0|0 


x roe 
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be the super subspace of the super vector space V. 


0 0 X¢ 
W, = 
0 0 X19 
be a super subspace of the super vector space V. Clearly V # W, 
+ W>. But 


0 0 O 


Xo Xig Xi 


Kes XqsXiqoXqp9 X17 © o| 


the zero super matrix of V. 


Now we proceed onto define the notion of basis and dimension 
of a super vector space V. 


DEFINITION 1.2.6: Let V be a super vector space over the field 
F. A subset S of V is said to be linearly dependent (or simply 
dependent) if there exists distinct super vectors Qj, Q2, ..., Q, in 
Sand scalars ¢}, Cz, ..., Cy in F, not all of which are zero such 
that Cc); + C2Q) + ...+ CyQ, = 0. A set which is not linearly 
dependent is called linearly independent. If the set S contains 
only a finitely many vectors Q), Q2, ..., Qn, we some times say 
that Qj, Q2, ..., &, are dependent (or independent) instead of 
saying S is dependent (or independent). 


Example 1.2.21: Let V = {(X1 X2 | X3 X4 Xs X6 | X7) | Xi € Q3 1 <i 
< 7} be a super vector space over Q. Consider the super vectors 
O11, Oa, ..., Ag of V given by 


a, =(12|356|7) 

a = (5 6|-1201]8) 
a3 =(21|8012/0) 
o4=(11]1103]2) 
os =(3-1|810-1|-4) 
o6 =(81]0111|-2) 
a7 =(12|2001)0) 
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and 
ag=(3.112345] 6). 


Clearly a1, G2, ..., &g forms a linearly dependent set of super 
vectors of V. 


Example 1.2.22: Let V = {(x, Xz | X3 X4) | Xi € Q} be a super 
vector space over the field Q. 
Consider the super vector 


a, = (1 0/00), 

a2 = (0 1| 00), 

a3 =(00| 10) 
and 

a4=(00|0 1). 


Clearly the super vectors ©), O2, 03, O4 form a linearly 
independent set of V. If we take the super vectors (1 0 | 0 0), (2 
1 | 0 0) and (1 4| 0 0) they clearly form a linearly dependent set 
of super vectors in V. 


DEFINITION 1.2.7: Let V be a super vector space over the field 
F. A super basis or simply a basis for V is clearly a dependent 
set of super vectors V which spans the space V. The super space 
V is finite dimensional if it has a finite basis. 

Let V = §(x, ... X | Xpey oe Xe | | Xee7 «Xf be a super vector 
space over a field F; i.e. x; € F; 1 Si <n.. Suppose 


then we call W; a special super subspace of V. 


W = £0... O| Xap. Xe | O.. O10... 0) | x41. 4 © F} 
is again a special super subspace of V. 


W;3 = {(0 an 0 | 0...0 | Xp+] os Xx | 0... 0) | X41 sooy Xk € F} 
is again a special super subspace of V. 


We now illustrate thus situation by the following examples. 
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Example 1.2.23: Let 

V = {(X| | X2 X3 X4| X5 Xe) | Xi € Q3 1 $1 <6} 
be a super vector space over Q. The special super subspaces of 
V are 


W, = {(x1|000|00)| xi € Q} 
is a special super subspace of V. 


W2= {(0 | Xz X3 X4| 00) | Xo, X3, X4 € Q} 
is a special super subspace of V. 


W3 = {(0| 000 | Xs X6) | Xs, X56 € Q} 
is also a special super subspace of V. 


W, = {(X, |X. X; X,|00)} 
is a special super subspace of V. 


W, = {(x,|0 0 0] xX; X,)|X, X; X, © Q} 
is a special super subspace of V and 


W, = {(0| X2 X3 X4[X5 X6)] X2%3.X4oXsoX— €Q} 

is a special super subspace of V. Thus V has only 6 special 
super subspaces. However if 

P={(0| x, 0X, | 0 0)|x,, X,€ Q} 
is only a super subspace of V and not a special super subspace 
of V. Likewise 

T = {(x,| 0 x, 0/x, 0|x,,x,,x; € Q} 
is only a super subspace of V and not a special super subspace 
of V. 


Example 1.2.24: Let 


x,E€Q;1<i< 26 
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be a super vector space over Q. The special super subspaces of 
V are as follows. 


ie 


~ 
Nf 


X,5X>,X;€Q 


=z 
Il 
us 
oo;lo eo Oo 
oo;lo co oO 
oo;lo co Oo 
ooloeo oOo 


oo 


X4,X;€Q 


Zz 
ll 
Oo 
ool}lCoo oO 
oolCoo oO 
oolCoo fo 
oolooo 


O);x, x, }|0 0 
O);x, x, ]0 0 
W, = 49/0] Xs Xs | 9 0} X6.Xi1.%7.XgoX129Xp3 €Q 
0/0 01/0 0 
0;0 0O]0 0 


0| 0 0 |0 0 
0} 0 0/0 0 
W,=4/0/ 0 O ]0 OF x,,X 9.x, andx,,€Q 
0) x, x,/0 0 
0) Gi Kee [OO 
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is a special super subspace of V. 


0/0 O| x, X¢ 
010 Of Xi Xa 
W;=5/0]0 O|]x,, x 
0;0 0; 0 O 
0;0 0/0 O 


0/0 0] 0 O 
0/0 0] 0 O 
W,=4;/9/0 0}; 0 O 
0/0 0} x,; Xn 
0/0 0] X,. Xr 


is a special super subspace of V. 


Xy 
Xy 


W, =3| X; 


Xy 


ooljCoo oO 
ool;}Co eo oO 
oolCoo oO 


xX 


5 


ao ||X179 X19» X19» X299X01 ANd Xp EQ 


X53Xp4sXp5 andx,,€Q 


x, to x,€Q 


oolooo 


is also a special super subspace of V. 


Ki || Re yy | Oe 0 
Ks |e gD 00 
W,=4| X; |X, X,3 [0 0 
0;0 0 |0 0 
0 | 0 0 0 
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X1,XosX3o%XeoX1]oX7sXgo Xj. andx,,€Q 


is also a special super subspace of V and so on, 


W, = Xg Xz | Xo Xo || X, €Q3 4515 26 
Xy 9 X14 Xo3 Xoq 
Xs X19 Xi5 Xy5 X46 


is also a special super subspace of V. 

Now we have seen the definition and examples of special 
super subspace of a super vector space V. We now proceed onto 
define the standard basis or super standard basis of V. 


Let F be a field V =(F" | F” |...|F"") be a super vector space 


over F. The super vectors €,,...,€,, € .€, given by 


ny n+l? °° 


E, = (10...0]0...0)0...|00...0) 
€, = (01...0]0...|0...0...0) 


€, =(0...1/0...0]0...|0...0) 


ny 


E41 = (0 ...0]10...0)...|0...0) 


No 


€, =(0...0]0...1/0...|0...0) 


€ =(0...0/0...0)...|0...01) 


forms a linearly independent set and it spans V; so these super 
vectors form a basis of V known as the super standard basis of 
V. 


We will illustrate this by the following example. 


Example 1.2.25: Let V = {(x1 X2 X3 | X4 Xs) | Xi € Q; 1<1< 5} be 
a super vector space over Q. The standard basis of V is given by 
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€,=(100 
€,=(010 
€;=(001 
€4=(000 


00), 
0 0), 
0 0), 
1 0), 
and 


€5=(000|01), 


Example 1.2.26: Let V = {(X1 X2 X3 X4 Xs | X6 X7 Xg) | Xi € Q3 1S i 
< 8} be a super vector space over Q. The standard basis for V is 


given by 
Ee, el 
E> (0 
ey (0 
e4> (0 
E5> (0 
€6=(0 
a aa (0 
and 
Eg (0 


Clearly it can be checked by the reader €1, €, .. 


super standard basis of V. 


Example 1.2.27: Let 


0000 
1000 
0100 
0010 
0001 
0000 
0000 


0000 


Xx; 


000), 
000), 
000), 
000), 
000), 
100), 
010), 


001), 


., €g forms a 


EQ:1<i<12 


be a super vector space over Q. The standard basis for V is ; 
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1/0 0 010 0 0/0 0 

0/0 0 1/0 0 0]0 0 

“~-lolo of @ lolo of 3 lolo oP 

0/0 0 0/0 0 1/0 0 

O11 0 0/0 1 010 0 

0/0 0 o]0 0 0/1 0 

“=lolo of = lolo of @ lolo of 

010 0 0/0 0 010 0 

0/0 0 0:[0° 6 010 0 

olo 1 0/0 0 0/0 0 

SE NOOO © TOs SOP 2 OO ALE 

0/0 0 0/0 0 010 0 

010 0 010 0 0/0 0 

o]0 0 0]0 0 0/0 0 

“0=lolo of @=lolo of ™&=l1 lo o 

oll oO olo 1 0/0 0 
The reader is expected to verify that €), €), ..., €12 forms a 


super standard basis of V. 


Now we are going to give a special notation for the super row 
vectors which forms a super vector space and the super matrices 
which also form a super vector space. Let X = (x, ... X¢| Xu... 
Xx |... | Xr... Xn) be a super row vector with entries from Q. 

Define X = (A; | A> | ... | Am) where each A; is a row vector 
A, corresponds to the row vectors (x; ... x;), the set of row 
vectors (Xt+1 ... Xx) to A, and so on. Clearly m <n. 

Likewise a super matrix is also given a_ special 
representation. 
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Suppose 


x |x MK 
- 
|x Me OK 
Nn 
x) x MK 
an 
x |x MK 
oe 
~ | x MOK 
S 


X, X, X3 Xig  Xq7 
A, =|X4, Xs X65 |,A, =| Xs X19 
X, Xs Xo Xoq Xa 


>< xX 
2 «X93 
A,= 


is again a 2 x 2 square matrix. 

We see the components of a super row vector are row 
vectors where as the components of a super matrix are just 
matrices. 


Now we proceed onto prove the following theorem. 


THEOREM 1.2.5: Let V be a super vector space which is 


spanned by a finite set of super vectors fj, ..., Bm Then any 
independent set of super vectors in V is finite and contains no 
more than m elements. 
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Proof: Given V is a super vector space. To prove the theorem it 
suffices to show that every subset S of V which contains more 
than m super vectors is linearly dependent. Let S be such a set. 
In S there are distinct super vectors Q), ..., OQ, where 
n>m. Since B;, Bo, ..., Bm span V their exists scalars Aj in F 
such that 


m 
a; = DAB - 
i=l 
For any n-scalars x1, ..., X, we have 


XO, +... X,Q, => x, 
jel 
= 2% DAs B; 
= = 
= 2», D(AGX)B: 


j=l i=l 


Since n > m we see there exists scalars x;, ..., X, not all zero 
such that 


n 
SAR =O I<i<m 
jel 


Hence x10; + ... + XnQ, = 0 which proves S is a linearly 
dependent set. 

The immediate consequence of this theorem is that any two 
basis of a finite dimensional super vector space have same 
number of elements. 

As in case of usual vector space when we say a supervector 
space is finite dimensional it has finite number of elements in its 
basis. 

We illustrate this situation by a simple example. 


Example 1.2.28: Let V = {(X1 X2 X3 | X4) | xi € Q; 1$i<4} bea 
super vector space over Q. It is very clear that V is finite 
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dimensional and has only four elements in its basis. Consider a 
set 


S= {11 01]|0), 23] 4), (400]|3), (0 12] 1) and (1 20|2)} 
{X1, X2, X3, X4, Xs} C V, to S is a linearly dependent subset of V; 


i.e. to show this we can find scalars ¢;,c2, ¢3, c, and cs in Q not 
all zero such that 


Yiex; = 0.c1 (1010) +e, (1 23] 4) +03(400|3) +c4(01 
2] 1) +¢5(120|2)=(000)0) 


gives 
C) +0. + 403 + cs = 0 
2c mgr 2¢5 =0 
cyt 3c Tr 2¢4 =0 
Aco + 303 +¢4 + 2c5 = 0. 
It is easily verified we have non zero values for c), ..., cs hence 


the set of 5 super vectors forms a linearly dependent set. 


It is left as an exercise for the reader to prove the following 
simple lemma. 


LEMMA 1.2.1: Let S be a linearly independent subset of a super 
vector space V. Suppose f is a vector in V and not in the super 
subspace spanned by S, then the set obtained by adjoining B to S 
is linearly independent. 


We state the following interesting theorem. 


THEOREM 1.2.6: [If W is a super subspace of a finite 
dimensional super vector space V, every linearly independent 
subset of W is finite and is part of a (finite basis for W). 


Since super vectors are also vectors and they would be 
contributing more elements while doing further operations. The 
above theorem can be given a proof analogous to usual vector 
spaces. 
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Suppose So is a linearly independent subset of W. If S is a 
linearly independent subset of W containing So then S is also a 
linearly independent subset of V; since V is finite dimensional, 
S contains no more than dim V elements. 

We extend So to a basis for W as follows: So spans W, then 
So is a basis for W and we are done. If So does not span W we 
use the preceding lemma to find a super vector B, in W such that 
the set S, =S, U {B,} is independent. If S; spans W, fine. If not, 
we apply the lemma to obtain a super vector B, in W such that 
S, =S, U {B,} is independent. 

If we continue in this way then (in not more than dim V 
steps) we reach at a set S, =S, U {f,,...,B,,} which is a basis 


for W. 


The following two corollaries are direct and is left as an 
exercise for the reader. 


COROLLARY 1.2.1: /f W is a proper super subspace of a finite 
dimensional super vector space V, then W is finite dimensional 
and dim W < dim V. 


COROLLARY 1.2.2: Jn a finite dimensional super vector space 
V every non empty linearly independent set of super vectors is 
part of a basis. 


However the following theorem is simple and is left for the 
reader to prove. 


THEOREM 1.2.7: [f W; and W> are finite dimensional super 
subspaces of a super vector space V then W, + Wy, is finite 
dimensional and dim W, + dim W = dim (W, \ W>) + dim (W, 
+ W). 


We have seen in case of super vector spaces we can define the 


elements of them as n < m super matrices or as super row 
vectors or as super column vectors. 
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So how to define linear transformations of super vector 
spaces. Can we have linear transformations from a super vector 
space to a super vector space when both are defined over the 
same field F? 


1.3 Linear Transformation of Super Vector Spaces 


For us to have a meaningful linear transformation, if V is a 
super vector space, super row vectors having n components (A,, 
.... An) where each A; a is row vector of same length then we 
should have W also to be a super vector space with super row 
vectors having only n components of some length, need not be 
of identical length. When we say two super vector have same 
components we mean that both the row vector must have same 


number of partitions. For instance X = (xX, X2, ..., Xn ) and Y = 
(¥1, Y2, ++.» Ym), m #n, the number of partitions in both of them 
must be the same if X = (A, | ... | A,) then Y = (B; | ... | B) 
where A;’s and B;’s are row vectors 1 <i,j <t. 

Let X=(21056-1) 

and 


Y =(10234578). 
If X is partitioned as 
X=(2|105|6-1) 
and 
Y=(102|345|781). 


X= (A, | A> | As) and Y = (B,; | B2 | B3) where A, =2,B, =(1 0 
2); Ar (1 05), Bo = (3 45), A3 = (6 — 1) and B; =(7 8 1). 

We say the row vectors X and Y have same number of 
partitions or to be more precise we say the super vectors have 
same number of partitions. We can define linear transformation 
between two super vector spaces. Super vectors with same 
number of elements or with same number of partition of the row 
vectors; otherwise we cannot define linear transformation. 

Let V be a super vectors space over the field F with super 
vector X € V then X = (A; | ... | An) where each A; is a row 
vector. Suppose W is a super vector space over the same field F 
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if for a super row vector, Y € W and if Y = (B, | ... | B,) then 
we say V and W are super vector spaces with same type of 
super row vectors or the number of partitions of the row vectors 
in both V and W are equal or the same. 

We call such super vector spaces as same type of super 
vector spaces. 


DEFINITION 1.3.1: Let V and W be super vector spaces of the 
same type over the same field F. A linear transformation from V 
into W is a function T from V into W such that T(ca + B) =cTa 
+ B for all scalars c in F and the super vectors a, B € V; 


ie. ifa=(A,| ...|A,) €V then Ta = (B,| ...| B,) EW, 


i.e. T acts on A; in such a way that it is mapped to B, i.e. first 
row vector of a i.e. A; is mapped into the first row vector B; of 
Ta. This is true for Az and so on. 


Unless this is maintained the map T will not be a linear 
transformation preserving the number of partitions. We first 
illustrate it by an example. As our main aim of introducing any 
notion is not for giving nice definition but our aim is to make 
the reader understand it by simple examples as the very concept 
of super vectors happen to be little abstract but very useful in 
practical problems. 


Example 1.3.1: Let V and W be two super vector spaces of 
same type defined over the field Q. Let V = {(x; X2 X3 | X4 Xs | 
X6)| Xi € Q3 1 <i <6} and W = {(xX| Xp | X3 X4 X5 | X6 X7 Xg)| XIE 
Q; 1 <i< 8}. 


We see both of them have same number of partitions and we do 
not demand the length of the vectors in V and W to be the same 
but we demand only the length of the super vectors to be the 
same, for here we see in both the super vector spaces V and W 
super vectors are of length 3 only but as vectors V has natural 
length 6 and W has natural length 8. 


Let T: VW 
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T (&) Xo X3 | X4 Xs | Xo) 
= (X, +X3 X.+x3|X4 X4+xX5 X5 | Xo 0 —X¢). 


It is easily verified that T is a linear transformation from V into 
W. 


Example 1.3.2: Suppose V = {(x; X2 | X3 X4 Xs) | Xi, ..., Xs € Q} 
and W = {(X | X2 X3| X4 Xs) | xi € Q; 1 <1 <5} both super vector 
spaces over F. Suppose we define a map T : V > W by T[(x: x2 
| X3 X4 X5)] = (x1 + X2 | X3 + X4, X5 | 00). 


T is a linear transformation but does not preserve partitions. So 
such linear transformation also exists on super vector spaces. 


Example 1.3.3: Let V = {(&; X2 X3| X4X5|X6)|xie Q;1< i< 
6} and W = {(x; X2 | X3 X4) | xi € Q, 1 <i < 4}. Then we cannot 
define a linear transformation of the super vector spaces V and 
W. So we demand if we want to define a linear transformation 
which is not partition preserving then we demand the number 
partition in the range space (i.e. the super vector space which is 
the range of T) must be greater than the number of partitions in 
the domain space. 


Thus with this demand in mind we define the following linear 
transformation of two super vector spaces. 


DEFINITION 1.3.2: Let V = {(4; | Az | ... | A,) | A; row vectors 
with entries from a field F} be a super vector space over F. 
Suppose W = {(B, | B> | ... | Bn), B; row vectors from the same 


field F; i = 1, 2, ..., m} be a super vector space over F. Clearly 
n Sm. Then we call T the linear transformation i.e. T: V >W 
where T(A) = B, 1 Si <n and 1 <j Sm and entries Bx in W 
which do not have an associated A; in V are just put as zero row 
vectors and if T is a linear transformation from A; to B;; T is 
called as the linear transformation which does not preserve 
partition but T acts more like an embedding. Only when m =n 
we can define the notion of partition preserving linear 
transformation of super vector spaces from V into W. But when 


55 


n > m we will not be in a position to define linear 
transformation from super vector space V into W. 


With these conditions we will give yet some more examples of 
linear transformation from a super vector space V into a super 
vector space W both defined over the same field F. 


Example 1.3.4: Let V = {(x, X2 X3 | X4 Xs X6| X7) |X; € Q) 1 <i< 
7} be a super vector space over Q. W = {(X1 X2 | X3 X4| Xs X6| X7 
Xg | X9) | xi € Q; 1 <i < 9} be a super vector space over Q. 
Define T : V > W by T (Xj X2 X3 | X4 | X5 X6 | X7) D> (Ki + X2 XQ + 
X3 | X3 + X4|Xs5 + X6 Xs | 0 0 | Xo). It is easily verified T is a linear 
transformation from V to W, we can have more number of 
linear transformations from V to W. Clearly T does not preserve 
the partitions. We also note that number of partitions in V is less 
than the number of partitions in W. 


We give yet another example. 


Example 1.3.5: LetT : V > W be a linear transformation from 
V into W; where V = {(X, X2 | X3 | X4 X5 X6) | Xi € Q; 1 <i < 6} is 
a super vector space over Q. Let W = {(xX, X2 | X3 | X4Xs5 Xo X7) | Xi 
€ Q; | <1< 7} bea super vector space over Q. Define T ((x; x2 
X3 | X4 Xs Xe ) = (Ki + Xq | Xz + Xz XQ | X4 + X5 X5 + XG Xp + Xy X44 
X5 + X6) 


It is easily verified that T is a linear transformation from the 
super vector space V into the super vector space W. 


Now we proceed into define the kernel of T or null space of T. 


DEFINITION 1.3.3: Let V and W be two super vector spaces 
defined over the same field F. Let T : V > W be a linear 
transformations from V into W. The null space of T which is a 
super subspace of V is the set of all super vectors a in V such 
that Ta = 0. It is easily verified that null space of T; N = fa eV 
| T(a) = 0} is a super subspace of V. For we know T(0) = 0 so N 
is non empty. 
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If 
Ta,=Ta, =0 
then 
T(ca, + a2) = cTa,+ To 
c.0 +0 
0. 


So that for every a, &) € N, ca; + 0) € N. Hence the claim. We 
see when V is a finite dimensional super vector space then we 
see some interesting properties relating the dimension can be 
made as in case of vector spaces. 


Now we proceed on to define the notion of super null subspace 
and the super rank space of a linear transformation from a super 
vector space V into a super vector space W. 


DEFINITION 1.3.4: Let V and W be two super vector spaces over 
the field F and let T be a linear transformation from V into W. 
The super null space or null super space of T is the set of all 
super vectors ain V such that Ta = 0. If V is finite dimensional, 
the super rank of T is the dimension of the range of T and nullity 
of T is the dimension of the null space of T. 


This is true for both linear transformations preserving the 
partition as well as the linear transformations which does not 
preserve the partition. 


Example 1.3.6: Let V = {(x1 X2 | X3 X4 Xs) | xi € Q; 1 <i <5} be 
a super vector space over Q and W = {(xX; X2| X3X4)| xi € Q; 1 < 
i < 4} be a super vector space over Q. Let T: V > W defined by 
T(x] Xo | X3 X4 Xs) = (KX) + Xo, Xo | X3 + X4, X4 + Xs). T is easily 
verified to be a linear transformation. 

The null super subspace of T is N = {(0 0 | k, k, -k) | 
k © Q} which is a super subspace of V. Now dim V = 5 and dim 
W =4. Find dim N and prove rank T + nullity T= 5. 

Suppose V is a finite dimensional super vector space over a 
field F. We call B = {xi, ..., Xn} to be a basis of V if each of the 
X;'S are super vectors from V and they form a linearly 
independent set and span V. Suppose V = {(x; |... |... |... |... | 
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Xn) | Xi € Q; 1 <i <n} then dimension of V is n and V has B to 
be its basis then B has only n-linearly independent elements in it 
which are super vectors. 


So in case of super vector spaces the basis B forms a set which 
contains only supervectors. 


THEOREM 1.3.1: Let V be a finite dimensional super vector 
space over the field F i.e., V = {(x; | x2| ... |... |... |X) |x Ee FY 
1 Si Sn} Let (a), Q, ..., Q) be a basis of V i.e., each a; is a 
super vector; i = 1, 2, ..., n. Let W = {(x; |... |... | Xn) | 0 EF? 
1 Si <m} be a super vector space over the same field F and let 
By... B, be super vectors in W. Then there is precisely one 
linear transformation T from V into W such that Ta; = §;; j = 1, 
2, vey Mh 


Proof: To prove that there exists some linear transformation T 
from V into W with Ta; = Bj we proceed as follows: 

Given o in V, a super vector there is a unique n-tuple of 
scalars in F such that o = x;a, + ... + X, GQ, where each a is a 
super vector and {a, ..., On} is a basis of V; (1 <i<n). For this 
a we define Ta = x\B,; +... + XnBn. 

Then T is well defined rule for associating with each super 
vector o in V a super vector Ta in W. From the definition it is 
clear that Ta; = Bj for each j. To show T is linear let B = yi; + 
... + YnOn be in V for any scalar c € F. We have ca + B = (cx; + 
yi) Q) +... + (CXn + Yn) Oy and so by definition T (ca +B) = (cx; 


| yi) By coe (CX, | Yn) Bn. 
On the other hand 
c(Ta) + TB=c > xB; # Dd yb; = > c, +y,)B; 


i=l i=l i=l 


and thus 
T (ca +B) =c(Ta) + TB. 
If U is a linear transformation from V into W with Ua, = Bj; j = 


1, 2, ..., n then for the super vector a = > x,0, we have Ua = 
i=l 
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U CY Rio, y= >) x,Ua, = > x;8;, so that U is exactly the rule 
i=l i=l i=l 

T which we have just defined above. This proves that the linear 

transformation with To; = B; is unique. 


Now we prove a theorem relating rank and nullity. 


THEOREM 1.3.2: Let V and W be super vector spaces over the 
field F of same type and let T be a linear transformation from V 
into W. Suppose that V is finite-dimensional. Then super rank T 
+ super nullity T = dim V. 


Proof: Let V and W be super vector spaces of the same type 
over the field F and let T be a linear transformation from V into 
W. Suppose the super vector space V is finite dimensional with 
{Ql1, ..., Ox} a basis for the super subspace which is the null 
super space N of V under the linear transformation T. There are 
super vectors {Ox+1, ..., Qn} in V such that {a), ..., Gn} is a 
basis for V. 

We shall prove {Tox, ..., Tan} is a basis for the range of 
T. The super vectors {Tox, ..., Ton} certainly span the range 
of T and since To; = 0 for j < k, we see Tosi, ..., Ton span the 
range. To prove that these super vectors are linearly 
independent; suppose we have scalars c; such that 


n 


Py c,(Ta,)= 0. 


i=k+1 


This says that Ty c,a,) = 0 and accordingly the super 


i=k+1 


vector @ = » c,a, is in the null super space of T. Since a, ..., 
i=k+1 
ox form a basis of the null super space N there must be scalars 
k 
bj, ..., b, such that a = >'b.a; . Thus 


i=l 


Yb, — y cia, =0 
i=l 


jek+1 
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Since , ..., &, are linearly independent we must have b; = b, = 
os by C+] “ee Cy 0. 

If r is the rank of T, the fact that Tas), ..., To, form a basis for 
the range of T tells us that r= n-—k. Since k is the nullity of T 
and n is the dimension of V, we have the required result. 

Now we want to distinguish the linear transformation T of 
usual vector spaces from the linear transformation T of the 
super vector spaces. 

To this end we shall from here onwards denote by T, the 
linear transformation of a super vector space V into a super 
vector space W. 


Further if V = {(A; | ... | An) | Ai are row vectors with 
entries from F, a field} and V a super vector space over the field 
F and W = {(B; |... | Bn) | Bi are row vectors with entries from 


the same field F} and W is also a super vector space over F. We 
say T, is a linear transformation of a super vector space V into 
W if T =(T; | ... | T,) where T; is a linear transformation from 
A; to Bj; i= 1, 2, ..., n. Since A; is a row vector and B; is a row 
vector T,(Aj) = B; is a linear transformation of the vector space 
with collection of row vectors Aj = (x; ... Xi) with entries from F 
into the vector space of row vectors B; with entries from F. This 
is true for each and every i;i=1, 2, ..., n. 

Thus a linear transformation T, from a super vector space V 
into W can itself be realized as a super linear transformation as 
Ts = (Ti |... | Tr). 


From here on words we shall denote the linear transformation of 
finite dimensional super vector spaces by T, = (T; | T2 |... | Tn) 
when the linear transformation is partition preserving in case of 
linear transformation which do not preserve partition will also 
be denoted only by T, = (T; | T2 | ... | Tn). Now if (Aq |... | An) 
€ V then T(A, | bree | An) _ (T\A, | T2Ad | esr | T,An) va. (Bi | Bo 
... | Ba) ¢ W in case T, is a partition preserving linear 
transformation. 

If T, is not a partition preserving transformation and if (B, 
... | Bm) € W we know m>n so T(A; |... | An) = (T1A) | ..- 
T,An|00]|...|000)=(T,A,;|00...| T:A,|00|/00]... 
T,An) in whichever manner the linear transformation has been 
defined. 
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THEOREM 1.3.3: Let V = {(A; | ... | An) | Ai’s are row vectors 
with entries from F ; 1 <i <n} a super vector space over F. W = 


{(B, | ... | B,) | Bi’s are row vectors with entries from F; 1 Si S 
n} a super vector space over F. Let T, = (T; | ... | T,) and U, = 
(U; | ... | U,) be linear transformations from V into W. The 


function T, + U, = (1; + U; | ... | T, + U,) defined by (T, + U,) 
(q) =(T, + U,) (A; | ... | A,) (where a © V is such that a = (A, | 
baie | A,) — (T)A; + U/A; | TA) or U>A> | alas | T,An + U,A)) is a 
linear, transformation from V into W. If d is any element of F, 
the function dT = (aT, | ... | dT, defined by (dT) (a) = d(Ta@) = 
d(T,A; | ... | T,A,) is a linear transformation from V into W, the 
set of all linear transformations from V into W together with 
addition and scalar multiplication defined above is a super 
vector space over the field F. 


Proof: Suppose T, = (T; | ... | Ty) and U, = (U; | ... | U,) are 
linear transformations of the super vector space V into the super 
vector space W and that we define (T, + U,) as above then 

(T; + Us) (da + B) = Ts (da + B) + Us(da + B) 
where @ = (A, | Ap |...| An) and B =(C, |... | Ca) e Vandde F. 


(T; = Us) (da. + B) 


= (T,; + U, .-- | Ta + Un) (dA + Cy | dAy + Cy |... | dA, + 
C,) 

= (T\(dA, + Cy) | To (dAo + Cr) |... | Ta (dAn + Cy) + 
(U,(dA, - C)) | oes | U,(dAn + C,)) 

= T,(dA; + C)) + U,(dA; + C)) | ... | Ta(dA, + C,) + 
U,(dA,+C,)) 

=. (dT,A Ww TC, | isete | dT,An + TiC) + (dU,A, + UC) | 
... | dU pAn + UnCn) 

= (4T,A, |... | dTpAn) +(TiC1 |... | TaCn) + (dUiA) | ... | 
dU,An) + (UiCy |... | UsCn) 

= (dT,A;|... | dTpAn) + (QU1Aq |... | dUpA,) + (TiC) |... 
T,Cy) u (U;C, | oe | U,C,) 

= (d(Ti4U))A; | ... | d(T, + Us) An) + (T4U)) Cy |... | 


(Tn + Un) Cn) 
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which shows (T, + U,) is a linear transformation. Similarly 


(eT) (da + B) 

= e(T,(da + B)) 

= e(T,da+ T.p) 

= e[d(T,a)] + eT, B 

= ed[T,|A,]...|TpAn] +e [T:C, |... | TrCa] 
= edT,a+eT,B 

= d(eT,) a+ eT,pB 


which shows eT, is a linear transformation. 


We see the elements T;, Us; which are linear transformations 
from super vector spaces are also super vectors as T, = (T| | ... | 
T,) and Us; = (U; | ... | Un). Thus the collection of linear 
transformations T, from a super vector space V into a super 
vector space W is a vector space over F. Since each of the linear 
transformation are super vectors we can say the collection of 
linear transformation from super vector spaces is again a super 
vector space over the same field. 

Clearly the zero linear transformation of V into W denoted 
by 0, = (0 | ... | 0) will serve as the zero super vector of linear 
transformations. We shall denote the collection of linear 
transformations from the super vector space V into the super 
vector space W by SL(V, W) which is a super vector space over 
F, called the linear transformations of the super vector space V 
into the super vector space W. 

Now we have already said the natural dimension of a super 
vector space is its usual dimension 1.e., if K = (x; | X2 |... |... | 
... | Xn) then dimension of X is n. So if X = (A; | ... | Ax) then k 
<n and if k <n we do not call the natural dimension of X to be 
k but only as n. 


However we cannot say if the super vector space V is of natural 


dimension n and the super vector space W is of natural 
dimension m then SL (V, W) is of natural dimension mn. 
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For we shall first describe how T;, looks like and the way the 
dimension of SL (V, W) is determined by a simple example. 


Example 1.3.7: Let V = {(k, X2X3 | X4X5 | X6 X7)|xi €Q3;| 1 <i< 
7} be a super vector space over Q. Suppose W = {(X; X2 | X3 Xa | 
X5 X6 X7 Xg Xo) | Xi € Q; | | <i < 9} be a super vector space over 
Q. Clearly the natural dimension of V is 7 and that of W is 9. 
Let SL (V, W) denote the super space of all linear 
transformations from V into W. 


Let T,: V> W; 
Ts (X1 X2 X3 | X4X5 | Xo X7) = (Ky + X2 Xo + X3 | X4X5 | Xo OX7 OXe) 


i.e., T; =(T, | T2 | T3) such that T,(x; x2 x3) = (x1 + Xa, X2 + x3), 
T (X4, Xs) = (X4, Xs) and T3 (X6, X7) = (Xo, 0, X7, 0, Xo). 


Clearly natural dimension of T, is 6, the natural dimension of T, 
is 4 and that of T; is 10. Thus the natural dimension of SL (V, 
W) is 20. But we see the natural dimension of V is n = 7 and 
that of W is 9 and the natural dimension of L (V, W) is 63, 
when V and W are just vector spaces. But when V and W are 
super vector spaces of natural dimension 7 and 9, the dimension 
of SL(V, W) is 20. Thus we see the linear transformation of 
super vector spaces lessens the dimension of SL (V, W). 


We also see that the super dimension of SL (V, W) is not unique 
even if the natural dimension of V and W are fixed, They vary 
according to the length of the row vectors in the super vector 
a= (A; |... | Ax); k <n, 1.e., they are dependent on the partition 
of the row vectors. 


This is also explained by the following example. 
Example 1.3.8: Let V = {(x, X2 X3 X4| Xs | X6 X7)|xie Q; 1 <i< 
7} be a super vector space over Q and W = {(x, Xp X3 | X4 Xs | Xo 


X7 Xg X9) | xi € Q; | 1 < i < 9} be a super vector space 
over Q. Clearly the natural dimension of V is 7 and that of W is 
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9. Now let SL(V, W) be the set of all linear transformation of V 
into W. 

Now if T, e SL (V, W) then T,; = (1) | T2 | Ts), where 
dimension of T, is 12, dimension of T, is 2 and dimension of T; 
is 8. The super dimension of SL(V, W) is 12 + 2 + 8 = 22. Thus 
it is not 63 and this dimension is different from that given in 
example 1.3.7 which is just 20. 


Example 1.3.9: Let V = {(x, X2 X3 X4X5 | X6 | X7)| xi € Q; 1 <i 
7} be a super vector space over Q. 

Let W = {(X; X2 X3 | X4 Xs5 Xo | X7 Xg Xo) | Xi EC Q3| 1 <i < 9} 
be a super vector space over Q. Clearly the natural dimension of 
V is 7 and that of W is 9. 

Now let SL(V, W) be the super vector space of linear 
transformations of V into W. Let T, = (T; | T2 | T3) € SLCV, W) 
dimension of T; is 15 dimension of T> is 3 and that of T; is 3. 
Thus the super dimension of SL(V, W) is 21. 


Now we can by using number theoretic techniques find the 
minimal dimension of SL(V, W) and the maximal dimension of 
SL(V, W). Also one can find how many distinct super vector 
spaces of varied dimension is possible given the natural 
dimension of V and W. 


These are proposed as open problems is the last chapter of this 
book. 


Example 1.3.10: Given V = {(x, X2| X3 X4| Xs X6) | Xi € Q; 1 <i 
< 6} is a super vector space over Q. W = {(X; X2 X3 | X4Xs | X¢) | 
xi € Q; 1 <i < 6} is also a super vector space over Q. Both have 
the natural dimension to be 6. SL(V, W) be the super vector 
space of all linear transformation from V into W. The super 
dimension of SL(V, W) is 12. 

Suppose in the same example V = {(X1 X2| X3 X4Xs | Xe) | Xi € 
Q; | <i < 6} a super vector space over Q and W = {(x; X2| x | 
X4 X5 X6) | Xi € Q; 1 <1 < 6} a super vector space over Q. Let 
SL(V, W) be the super vector space of linear transformations 
from V into W. The super dimension of SL(V, W) is 10. 
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Suppose V = {(xX; | X2 X3 X4| Xs Xo) | ki € Q; | <i < 6} a super 
vector space over Q and W = {(x, X2 X3 | X4Xs5 | X6)|xi € Q3 1 <i 
< 6} a super vector space over Q. Let SL(V, W) be the super 
vector space of all linear transformation from V into W. 

The natural dimension of SL(V, W) is 11. Thus we have 
seen that SL(V, W) is highly dependent on the way the row 
vectors are partitioned and we have different natural dimensions 
for different partitions. 

So we make some more additions in the definitions of super 
vector spaces. 

Let V = {(x1 X2|... |... | Xn) | Xi € F; Fa field; 1 <i <n} be 
a super vector space over F. If V = {(A; | Ao |... | Ax) | Aj are 
row vectors with entries from the field F; i= 1, 2, ...,k, k <n} 
Suppose the number of elements in A; is nj; 1= 1, 2, ..., n then 
we see natural dimension of V isn=n, +... + n, and is denoted 
by (n,, tng nk). 

Let W = {(x, |... |... | Xm) | Xi € F, Fa field i <i<m) bea 
super vector space over the field F of natural dimension m. Let 
W = {(B, |... | By), k < m; B;’s row vectors with entries from F; 
i=1,2,..., k}. Then natural dimension of W ism=m,+... + 
m, where m; is the number of elements in the row vector B;, 1 < 
i<k. 


Now the collection of all linear transformations from V into W 
be denoted by SL(V, W) which is again a super vector space 
over F. Now the natural dimension of SL(V, W) = myn, + ... + 
mn, clearly myn, +... + mn, < mn. 


Now we state this in the following theorem. 


THEOREM 1.3.4: Let V = {(x; | ... | X,) /x; © Fy isi Sn} bea 
super vector space over F of natural dimension n, where V = 
{(A, | ... | Ay) | A;’s are row vectors of length n; and entries of A; 
are from F,i Sisk, ksn|n, +... +n =n}. W= f(x; | .. | 
|... | Xn) 7x; © F, 1 Si Sm} is a super vector space of natural 
dimension m over the field F, where W = {(B, | ... | By) | Bi’s 
are row vectors of length m; with entries from F, i Si <k,k<m 
such that m; + ... + mg = m}. Then the super vector space SL(V, 
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W) of all linear transformations from V into W is finite 
dimensional and has dimension mn, + mon) + ... + mpng Smn. 


Proof: Let B = {a), ..., On} and B' = {By, ..., Bm} be a basis for 
V and W respectively where each a; and f; are super row 
vectors in V and W respectively; | <i <n and 1 <j < m. For 
each pair of integers (p;, qi) with 1 <p; < mj; and 1<q)<n;1i=l, 
D5 evngake 

We define a linear transformation 


0 ift#q, 


Ee {5 ift=q 
Pi i 


=6, B,, FOr > N, 2y So isiy Ke 


Thus EP? = [EP |... | EP] © SL(V, W). EP" is a linear 
transformation from V into W. From earlier results each E”'“ is 
unique so E’ is unique and by properties for vector spaces that 
the min; transformations E?'' form a basis for L(Aj, Bj). So 
dimension of SL(V, W) is myn, +... + mynk. 


Now we proceed on to define the new notion of linear operator 
on a super vector space V i.e., a linear transformation from V 
into V. 


DEFINITION 1.3.5: Let V = {(A; | ... | Ay) | A; is a row vector 
with entries from a field F with number of elements in A; to be 
nji=Il,2,..,k = {0|.. |... |... /a | a eRi=t, 2, .., 
ni; k Snandn,+ ... + ny =n; be a super vector space over the 
field F. A linear transformation T = (T; | Tz | ... | T) from V 
into V is called the linear operator on V. 


Let SL(V, V) denote the set of all linear operators from V to V, 
the dimension of SL(V, V) = n, +... + np Sn’. 
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LEMMA 1.3.1: Let V be a super vector space over the field F, let 
U; T) and T; be linear operators on JV; let c be an element of 
F. 


(a) PU=UP =U 

(b) U* Ci = T;) = UT; ate UT, : 
(T; + T;)U* = Lo + Lu 

(c) (UT?) =(cU’) T? =U(cT?). 


Proof: Given V = {(A; | ... | Ax) | A; are row vectors with 
entries from the field F}. Let US = (U, | ... | Uy), 


T°’ =(T, |...|T*) and Ti =(T, |...| TE) and I,= (|... |1) d= 
I = I,, the identity operator) be linear operators from V into V. 
Now 


IUS 


Gi (ost Fk OS 
Uy Pes He) 

(UiL | ... | Udy) 

= (U,|...|U) di |b]... | Ik). 


U (TS +T>) 
=. ilo DOIG bale ta ala 
= [U, (T; +T,)|...|U, (Ti + TS] 
= [(U,T; Ui T;) Lea TS + Wits] 
= (UT; |...|U,T*)+(U,T, |...|U,TS) 
= UT?) +U°T,. 


On similar lines one can prove (T; + T;) U° =T/U* + T;U°. 
(c) To prove c(U°T;’) 
= (cU*)(T?) = U*(cT/). 


16,9; |..(0,yG, belt 
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= ¢(U,T; |...|U,T) = c(U,T! |...|cU, TS). 
Now 
(cU*)T, = (cU, tee | (cU,.) (T; see Ty‘) = Cen see cU,T;] 


So 
c(U°T,) =(cU*)T)... I 


Consider 


UCT) = (U,l---1U,) T!..-[eTS) 
= (ich || Uer) 


= CUT leUet 2: 


from I we see 
c(U°T;) =c(U*)T, = U*(cT?). 


We call SL(V, V) a super linear algebra. However we will 
define this concept elaborately. 


Example 1.3.11: Let V = {(x, X2 X3 | X4| Xs X | X7 Xs) | Xi € Q; 1 
<i < 8} be a super vector space over Q. Let SL(V, V) denote 
the collection of all linear operators from V into V. 

We see the super dimension of SL(V, V) is 18, not 64 as in 
case of L(V\, Vi) where V, = {(Xj, ..., Xs) | Xi € Q; 1 <i < 8} is 
a vector space over Q of dimension 8. When V is a super vector 
space of natural dimension 8 but SL(V, V) is of dimension 18. 

These concepts now leads us to define the notion of general 
super vector spaces. For all the while we were only defining 
super vector spaces specifically only when the elements were 
super row vectors or super matrices and we have only studied 
their properties now we proceed on to define the notion of 
general super vector spaces. 

The super vector spaces using super row vectors and super 
matrices were first introduced mainly to make the reader how 
they function. The functioning of them was also illustrated by 
examples and further many of the properties were derived when 
the super vector spaces were formed using the super row 
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vectors. However when the problem of linear transformation of 
super vector spaces was to be carried out one faced with some 
simple problems however one can also define linear 
transformation of super vector spaces by not disturbing the 
partitions or by preserving the partition but the elements with in 
the partition which are distinct had to be changed or defined 
depending on the elements in the partitions of the range space. 


However the way of defining them in case of super row vectors 
remain the same only changes come when we want to speak of 
SL(V, W) and SL(V, V). 

They are super vector spaces in that case how the elements 
should look like only at this point we have to make necessary 
changes, with which the super vector space status is maintained 
however it affects the natural dimension which have to be 
explained. 


DEFINITION 1.3.6: Let V;, ..., V, be n vector spaces of finite 
dimensions defined over a field F. V = (V; | V2| ... | ... | Vi) is 
called the super vector space over F. Since we know if V; is any 
vector space over F of dimension say n; then V = F". = {(x1, 
wi X, J) Xi © Fy 1 Sis nj Thus any vector space of any finite 
dimension can always be realized as a row vector with the 
number of elements in that row vector being the dimension of 
the vector space under consideration. Thus if nj, ..., Ny, are the 
dimensions of vector spaces V;, ..., V, over the field F then V = 
(F" |F” |...|F"" ) which is a collection of super row vectors, 
hence V is nothing but a super vector space over F. 


Thus this definition is in keeping with the definition of super 
vector spaces. 

Thus without loss of generality we will for the convenience 
of notations identify a super vector space elements only by a 
super row vector. 


Now we can give examples of a super vector spaces. 
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DEFINITION 1.3.7: Let V = (V; | ... | V,) be a super vector space 
over the field F. Let n; be the dimension of the vector space V; 


over F, i = 1, 2, ..., n; then the dimension of V is nj + ... + Ny 
we call this as the natural dimension of the super vector space 
V. Thus if V = (V_| ... | V,) is a super vector space of dimension 


nj + ... + Ny over the field F, then we can say V =(F"'|...|F'" ). 


Example 1.3.12: Let V = (V | V2 | V3) be a super vector space 
over Q, where V, = {set of all 2 x 2 matrices with entries from 
Q}. V| is a vector space of dimension 4 over Q. 


V> = {All polynomials of degree less than or equal to 5 with 
coefficients from Q}; V2 is a vector space of dimension 6 over 
Q and V3 = {set of all 3 x 4 matrices with entries from Q}; V3 is 
a vector space of dimension 12 over Q. Clearly 


V=(Vi| V2| V3) = (Q*| Q*| Q°) 


{Ry Ky eg Re Re ccd Rig Ras Ry) Xe e-O | s1= 27} 


is nothing but a collection of super row vectors, with natural 
dimension 22. 

Now we proceed on to give a representation of 
transformations from finite dimensional super vector space V 
into W by super matrices. 

Let V be a super vector space of natural dimension n given 


by V = {(Ai | ... | Ax) | Ai is a row vector with entries from the 
field F of length nj;i=1, 2,...,k andn,j +n. +... +n, =nh}and 
let W = {(B, | ... | Bx) | Bj is a row vector with entries from the 
field F of length m,, i= 1, 2, ..., k and mj) + ... + m = m}, 
where W is a super vector space of natural dimension m over F. 
Let B = {ay, ..., Qn} be a basis for V where a, is a super 
row vector and B' = {f), ..., Bm} be a basis for W where B; is a 


super row vector. Let T, be any linear transformation from V 
into W, then T, is determined by its action on the super vectors 
a; each of the n super vectors T, oj is uniquely expressible as a 


m 
linear combination T, oj = DAB; 
i=l 


Here T, =(T, |... | Ty), k <n. 
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(hae lee Te) -[ Sapp lta Saye. of the 
i=l i=l 


super row vector B;; 1 <i < m; the scalars A; ... Aj, being the 


coordinates of T\a; in the ordered basis B'; true for i= 1, 2, ..., 
k. Thus the transformation T; is determined by the min; scalars 


A;;- The mj; x n; matrix A’ defined by A (i, j) = A;; is called 
the matrix of T; relative to the pair in ordered basis B and B'. 
This is true for every i. 


Thus the transformation super matrix is a m x n super 
matrix A given by 


AE ew ly SO Weel. 20 
0 [Az [ol o 
A _ 2XNg : 
0 0 |] 0 
0 Ge ||": | Wee 


With this related super matrix with entries from the field F; 
one can understand how the transformation takes place. 


This will be explicitly described by examples. Clearly the 
natural order of this m x n matrix is m, X nj + ... +m, X Nk. 


Example 1..3.13: Let 

V ={(K, X) X3|X4 X5 [Xp X7 Xg XQ) |x; € QI] 1 Si <9} 
be a super vector space over Q. 

W = {(%, X, |X; X4 X5 |X, X7) |X; € Q|1 Si <7} be a 
super vector space over Q. 

Let SL(V, W) denote the set of all linear transformations 
from V into W. 


Consider the 7 x 9 super matrix 
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1 00/0 0/0 0 0 0 
1 02)0 0/0 0 0 0 
Oe, SOs) 22 Or On Or) 
A=|0 0 0/0 -1/0 0 0 0 
OOo 04-0 1) Or OO 
00 0/0 O0;1 0 1 0 
00 0/0 0|]0 2 0 1 
gives the associated linear transformation 


T,(&, X2 X3| Xq Xs | Xe X7 Xg Xo) 
= (Ti | T2| Ts) [x, Xx) X53] X4 X5 |X 6 X7 Xg Xo] 
= [T, (X; X, X3)| T, (Kg X5)1 Ts (Xe X7 Xg Xo) ] 
= [iy hj Dey | 28 pe Rak Ke ke HE Ry 2x Sx, | ee WV, 


Thus we see as incase of usual vector spaces to every linear 
transformation from V into W, we have an associated super 
matrix whose non diagonal terms are zero and diagonal matrices 
give the components of the transformation T;. Here also ‘,’ is 
put in the super vector for the readers to understand the 
transformation, by a default of notation. 

We give yet another example so that the reader does not 
find it very difficult to understand when this notion is described 
abstractly. 


Example 1.3.14: Let 

V = {UK Xz | Xs X4 [Xs X 6X7 | Xy XQ) |X; € QI si < 9} 
be a super vector space over Q and 

W = {(%, X, X3 | X4 | Xs Xe Xz | Xg Xy Xj) |X; € Q; 1Si< 10} 
be another super vector over Q. Let SL (V, W) be the super 
vector space over Q. 
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Consider the 10 x 9 super matrix 


ooo;joor]solooo 
oo ojrr o;jolo oo 
el ee ee a a) 
orrlooolrolhoeo oo 


ooojo co Oo; CO]}r NO 
ooo;jo co Oo};rFslooo 


1 
1 
0 
0 
0 
0 
0 
0 
0 
0 


The transformation T,: V > W associated with A is given by 

T, (, X, |X; X4 | Xs X_ X7 | Xg Xo) 

Sp AE 2k Ks | Ry Ry |g Ros ee EE | KE Keg ho Rs 
Thus to every linear transformation T, of V into W we have a 
super matrix associated with it and conversely with every 
appropriate super matrix A we have a linear transformation T, 
associated with it. 

Thus SL (V, W) can be described as 


By ag PO 907 -O, Oh- OF 20 
a, a,|O 0)0 0 0};,0 0O 
a; as}O 0]0 0 0};0 0 
0 Ojfa, a|O 0 0,0 O 
OO) 0 OS de ag sae | O20 
OPO |e Oe ane sane . Saba 11) 09% 30 
0 0/0 Oja,;, a, a,| 0 O 
0 0;0 0} 0 0. Il aie (BiG 
0 0;0 0} 0 A a 
0 0;0 0} 0 OQ |} dog “85, 
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such that a; € Q; 1 <i< 23}. 
Thus the dimension of SL(V, W) is3 x2+1x2+3x3+3x2 
=6+2+9+6= 23. 


Now we give the general working for the fact SL (V,W) is 
isomorphic to diagonal m x n super matrices. Before we go for 
deep analysis we just give a few examples of what we mean by 
a super diagonal matrix. 


Example 1.3.15: Let 


8 
0 0 0 
6 7 
0 |5 6 0 0 
7 1 #0 
0 0 0 
6 8 -l 
3 1 
0 0 0 6 7 
6 0 


be a 8 x 9 super matrix. 

We call A the super diagonal matrix as only the diagonal 
matrices are non zero and rest of the matrices and zero. It is 
important to mention here that in a super diagonal matrix we do 
not need the super matrix to be a square matrix; it can be any 
matrix expect a super row matrix or super column matrix. 


Thus we can say if A= 


74 


where Aj are simple matrices we say A is a super diagonal 
matrix if Aj;, Axo, ..., Ann are non zero matrices and Ajj is a zero 
matrix if i #j. 


The only demand we place is that the number of row partitions 
of A is equal to the number of column partitions of A. 


Example 1.3.16: Let A be a super diagonal matrix given by 


oo ojo ooyoyoCocomlmCUCOlCUWNM 
oorjljooorro;looo 
Nr o;jooororl ooo 
- Or}, oOo Co O1,Co}Co co Oo 


orrlooooTrIeoo 
NY oO NICO CO Ccloloeoo°ec lO 


oo ojn orjolooo 


oo ojo oF]; oOo;o Co oO 


oo Oo;}UNN KF] O;oo Oo 


oo ojo oOo}; UuNo oO Oo 


oo ojo Co Co; Oo}r OF 


ooo;jo co ofOofloaN Fr Oo 


oo o|Co oO CO; CO] MN OS 


We see A is a 10 x 13 matrix which is a super diagonal matrix. 
Only the number of row partitions equals to the number of 
column partitions equal to 4. 


THEOREM 1.3.5: Let V = {(x; x2 |... | 2. | Xp... %) = (Ar |... | 
A,) |x; € F and A; is a row vector with entries from the field F; 
1 Si sSnand1 St Sk; k Sn} be a super vector space over F. 


Let W = {(x; Xo|... |... |... | Xt... Xn) = (Bi |... | BY | xi e F 
and B; is a row vector with entries from the field F with 1 <1 
<m and k<m1 <t<k} be a super vector space of same type 
as V. Let SL (V, W) be the collection of all linear 
transformations from V into W, SL (V, W) is a super vector 
space over F and for a set of basis B = {a), ..., Qn}and B' = {B, 
» «s+> Bm} of V and W respectively. For each linear 
transformation T, from V into W there is a m x n super diagonal 
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matrix A with entries from F such that T, > A is a one to one 
correspondence between the set of all linear transformations 
from V into W and the set of all m x n super diagonal matrices 
over the field F. 


Proof: The super diagonal matrix A associated with T, is called 
the super diagonal matrix of T, relative to the basis B and B'. 
We know T, : (A; |... | Ax) > (Bi | ... | Bk) where T, =(T) | ... | 
T,) and each T; is a linear transformation from A; — B; where 
A; is of dimension n; and B; is of dimension m;; i= 1, 2, ..., k. 

So we have matrix M, = [To Iie13 j= 1, 2, ..., ni. Ci a 


component basis from B'; this is true fori= 1, 2, ...,k. 

So for any T, = (T, | ... | T,) and U, = (U; | ... | Ux) in SL (V, 
W), cT, + U, is SL(V, W) for any scalar c inF . 

Now Tj : V > Wiis such that T,(Aj) = (0) if 1 #j and T;(Aj) = Bj 
and this is true for i= 1, 2, ..., k. 

Thus the related matrix of T, is a super diagonal matrix where 


(My) m,n, 0 ay 0 
0 (Mn xn 0 0 
A = 2%n2 
0 0 “3 0 
0 0 0 (My) m,xm, 


Thus M; is a m x mj; matrix associated with the linear 
transformation T;: A; — B; true for i = 1, 2, ..., k. Hence the 
claim. Likewise we can say that in case of a super vector space 
V = {(%... |... |. | Xt... Xa) | Xi © F, Fa field; 1 <i<n} = 
{(Ay | ... | Ax) | Ai row vectors with entries from the field F; 1 < 
i < k}over F. We have SL (V, V) is such that there is a one to 
one correspondence between the n x n super diagonal square 
matrix with entries from F i.e., SL(V, V) is also a super vector 
space over F. Further the marked difference between SL(V, W) 
and SL (V, V) is that SL (V, W) is isomorphic to class of all m 
x n rectangular super diagonal matrices with entries from F and 
the diagonal matrices of these super diagonal matrices need not 
be square matrices but in case of the super vector space SL (V, 
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V), we have this space to be isomorphic to the collection of all n 
x n super square diagonal matrices where each of the diagonal 
matrices are also square matrices. 


We will illustrate this situation by a simple example. 


Example 1.3.17: Let 
V={(K, Xp X3 X4 | Xs Xl X7 Xg Xo] Xio) |X; €Q; 1Si S10} 
be a super vector space over Q. 
Let SL (V, V) denote the set of all linear operators from V 
into V. Let T; be a linear operator on V. Then let A be the super 
diagonal square matrix associated with T,, 


CoOlN oO FTO CO;}oCoo eo Oo 
o;orolrpoolrncrinceo oo 
Sojr NY NICO CO;oeoeo Oo 
wloo oloooeoeo0cd & 


Sol/COoO CO OFN AO OoO Oo Oo 


ojo coo rjyooeeo Oo 


ojoocooocmclclcmlmlylcCOoOclc rr ChCUCcCOlr 


ojo oOo; o O}r oF Fe 


ojoocoooojeochlcmlhlhrR hh hULcO 


ol;jo Co olo Of}rF FF OF 


Clearly A is a 10 x10 super square matrix. The diagonal 
matrices are also square matrices. 


Now T, (x, X, X; X4|X5 X_ | Xz Xs Xo | Xj) 


= (X, +X, +X,,X,+X,,X,+X,,X, +X, |X, +5x,, 2x,| 
X,+2Xy,X_ +2Xy, 2X, +X, | 3X,,) € V. 


Thus we see in case of linear operators T, of super vector spaces 
the associated super matrices of T; is a square super diagonal 
matrix whose diagonal matrices are also square matrices. 
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We give yet another example before we proceed on to work 
with more properties. 


Example 1.3.18: Let 

V = (%)Xq | X3X4Xs |X 6X7 | Xg Xp | XipX 1X12) |X; €Q31 S112} 
be a super vector space over Q. V = {(A, | A> | A3 | Aq | As) | Aj 
are row vectors with entries from Q; 1 <i <5}. Let us consider 
a super diagonal 12 x 12 square matrix A with (2 x 2,3 x 3,2 x 
2,2 x 2,3 x 3) ordered diagonal matrices with entries from Q. 


oooljo oj;Co ol| oOo Oo O]|N 
ooo;joo;roofljoo oO}rF Ke 
oo ojo o1;Co CO] OoO WFR] Oo Oo 
oo ojo ojo oO} rF oO NICO OO 
oo o;OoO O]}F NI OO CO} C Oo 
ooojo o;}UNo;loo Co]}oCo So 
oo OCO|;N RFI} OO} OoO CoO COo]}Co ClO 
oo Of}jrF NTO OCO];oo Co]}oCo Oo 
NO wry ooo coco coo Oo 
Wr NnNIO Co1rCo Co;o Co Co}oCc oo 
Pe NWO colo oloeooloe co 


The linear transformation associated with A is given by 


T, (XXq | X5X4X5 |X 6X7 |Xg XQ | XXX) = 

CPR 2k PRS | Re 2s Sky Re KG ke Dee Ke S| 
RD ek th Rie 2 OMe Ohi Fy 2 koy ekIO 
3X11 + X12). 

Thus we can say given an appropriate super diagonal square 
matrix with entries from Q we have a linear transformation T, 
from V into V and conversely given any T; € SL(V, V) we have 


a square super diagonal matrix associated with it. Hence we can 
say SL(V, V) = 


78 


a a}0 0 0/0 0/0 0/0 0 0 
a, a,}O0 0 0/0 0/0 0/0 0 0 
OF 0 itigx ae ae O30.) OO 50k OO 
0 Ola, ay a,}O O}]0 O0]0 0 0 
0 Ola, a, a,}0 Of] 0 Of] 0 0 0 
pal OO Bo Oleg ee OOO. 05 0 
0 0/0 0 Offa, a,}/0 0}]0 0 0 
0 0/0 0 0/0 ofa, a,/0 0 0 
0 0/0 0 0/0 Ofa, a,|/0 0 0 
0 0/0 0 Of0 O|/0 Ola, a, a, 
0 0/0 0 0/0 0] 0 0 ja, ay a,, 
0 0/0 0 Of 0 Of] 0 0 Jay ayy ary 


such that a; € Q; 1 <i < 30}. 

We see the dimension of SL (V, V) = 27 + 3? + 27+ 27+3°= 
30. 

Thus we can say if V = {(A, | ... | Ay) | Aj is a row vector with 
entries from a field F and each A; 1s of length n;, 1<i<k}; V is 
a super vector space over F; then if T, e SL(V, V) then we have 
an associated A, where Aisa(n)+m+...+m)x (nj) +mt... 
+ nx) square diagonal matrix and dimension of SL (V, V) is 
ni +nj+..¢ny. 


i.e, 
(Ay) nxn, 0 0 0 
0 AS Ves 0 
A | ee 
0 0 0 
0 0 0 (AQ)n.xn, 
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Now we define when is a linear operator from V into V 
invertible before we proceed onto define the notion of super 
linear algebras. 


DEFINITION 1.3.8: Let V = {(A; | ... | Aj) | 4; are row vectors 
with entries from the field F with length of each A; to be nj; i = 
1, 2, ..., k} be a super vector space over F of dimension n; + ... 
+n, =n. Let T,: V-> V be a linear operator on V. We say T, = 
(T, | ... | T)) is invertible if their exists a linear operator U, from 
V into V such that UT is the identity function of V and TU is 
also the identity function on V. 

If T, = (T; | ... | Tj) is invertible implies each T; : A; > A; is 
also invertible and U, = (U; | ... | Uj, is denoted by 
Ts” aig): 

Thus we can say T, is invertible if and only if T, is one to 
one i.e. T,a =T,P implies a= £. 

T, is onto that is range of T, is all of V. 


Now if T, is an invertible linear operator on V and if A is the 
associated square super diagonal matrix with entries from F then 
each of the diagonal matrix Mj, ..., My are invertible matrices 
Le., if 


M, | 0 
0 |M 
0 | 0 
0 | 0 


0 
0 
0 
M 


then each M; is an invertible matrix. So we say A is also an 
invertible super square diagonal matrix. 

It is pertinent to make a mention here that every T; in SL(V, 
V) need not be an invertible linear transformation from V into 
V. 


Now we proceed on to define the notion of super linear algebra. 
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1.4 Super Linear Algebra 


In this section for the first time we define the notion of super 
linear algebra and give some of its properties. 


DEFINITION 1.4.1: Let V = (V; | ... | V,,) be a super vector space 
over a field F. We say V is a super linear algebra over F if and 
only if for every pair of super row vectors a, Bin V the product 
of aand £ denoted by af is defined in V in such a way that 


(a) multiplication of super vector in V is associative i.e., if 
a, Band y € V then a& By = (apy. 

(b) multiplication is distributive (a + B) y = ay + By 
and &B+y =ap+ ay foreverva Bre. 

(c) for each scalar c in F c(a@p) = (c@B = acf). 


If there is an element 1, in V such that 1.a = al, for every a € 
V we call the super linear algebra V to be a super linear 
algebra with identity over F. The super linear algebra V is 
called commutative if af = Ba for all aand Bin V. 


We give examples of super linear algebras. 


Example 1.4.1: Let 
V = {(%X, | X5X4X5 |X) x, Q 1 Sis 6} 

be a super vector space over Q. Define for a, B € V; 

O& = (XX, | X;X4Xz5 | X6) 
and 

B = (YiY> | ¥3Y4Ys l¥s)> 

OB = (X,Y, X2¥o | X33 X4Vq XsYs | XoYo)- 

where xi, yj € Q; 1 <1,j <6. 
Clearly a8 € V; so V is a super linear algebra, it can be easily 
checked that the product is associative. Also it is easily verified 
the operation is distributive a(B + y) =aB + ay and (a+ B) y= 
ay + By for all a, B, y € V. 
This V is a super linear algebra. Now the very natural question 
is that, “is every super vector space a super linear algebra?” The 
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truth is as in case of usual linear algebra, every super linear 
algebra is a super vector space but in general every super vector 
space need not be a super linear algebra. 


We prove this only by examples. 


Example 1.4.2: Let 


ay a, a; A19 ay 
VA sag. Bee “Ag! |aigy yy. lave Oy lStZIs 75 
go Ag (ay. Wain a 


8 15 


Clearly V is a super vector space over Q but is not a super linear 
algebra. 


Example 1.4.3: Let 
2 a, 
a, |[a, €Q;1<51<9}; 


V is a super vector space over Q. V is a super linear algebra for 
multiplication is defined in V. Let 


1 0/1 
A=/2 1]0 
0 142 

and 

0 140 
B=|1 2)|2 
1. Ole 

1 1/1 

AB=/1 4]2]/eV 
3) .2,)-2 


Now we have seen that in general all super vector spaces need 
not be super linear algebras. 


We proceed on to define the notion of super characteristic 
values or we may call it as characteristic super values. We have 
also just now seen that the collection of all linear operators of a 
super vector space to itself is a super linear algebra. 


DEFINITION 1.4.2: Let V = {(A; | ... | Ay) | 4; are row vectors 
with entries from a field F} and let T, be a linear operator on V. 


i.e, T.: V>Vice., Ty (A) |. | Ad > (A) |. | Ad 


ie, T= T, = (1, | ... | Ti) with T;; A; > Ay i = 1, 2, ..., kA 
characteristic super value is c = (c) C2... cy) in F (i.e., each c; € 
F) such that there is a non zero super vector ain V with Ta = 
cai.e., T;Q = CQ, G% © A; true for each i. 


ie, Ta=ca. 
1.€., (TQ) | wae | TQ) = (CQ | eae | CyQy). 


The k-tuple (c; ... c;) is a characteristic super value of T = (T; | 


the 


(a) We have for any a such that Ta = ca, then a is called 
the characteristic super vector of T associated with the 
characteristic super value c = (C1, ..., Cx) 


(b) The collection of all super vectors a such that Ta = ca 
is called the characteristic super vector space 
associated with c. 


Characteristic super values are often called characteristic 
super vectors, latent super roots, eigen super values, proper 
super values or spectral super values. 


We shall use in this book mainly the terminology characteristic 


super values. 
It is left as an exercise for the reader to prove later. 
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THEOREM 1.4.1: Let T, be a linear operator on a finite 
dimensional super vector space V and let c be a scalar of n 
tuple. Then the following are equivalent. 


i. c is a characteristic super value of T; 
ii. The operator (T, — cl) is singular. 
iil. det (T, — cl) = (0). 


We now proceed on to define characteristic super values and 
characteristic super vectors for any square super diagonal matrix 
A. We cannot as in case of other matrices define the notion of 
characteristic super values of any square super matrix as at the 
first instance we do not have the definition of determinant in 
case of super matrices. As the concept of characteristic values 
are defined in terms of the determinant of matrices so also the 
characteristic super values can only be defined in terms of the 
determinant of super matrices. So we just define the determinant 
value in case of only square super diagonal matrix whose 
diagonal elements are also squares. 


We first give one or two examples of square super diagonal 
matrix. 


Example 1.4.4: Let A be a square super diagonal matrix where 


ooococlcmcumOlCUCOO]LCOCUCOICLN ON SO 
ooocooojo o;jcoc or 
ooocooulmcUc6cmylcoen COI Orr LDN 
ooococrlcmcuUcucmhClc Ol lc OCC rR Oa 
ooocoooeocmlUlUcmKmhrlTl OoOlUCUCOCUCUCO 
ooocolcmU6um hl Ol ELI COOCOO CUO 
ooocooCl COIN FI oO oO 
ep PF OF AICO CO;}Co Co Oo 
oor FF FHT Oo Ol CoO CoO oO 
Nr r co Coloolef~ coc oo 
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This is a square super diagonal matrix whose diagonal terms 
are not square matrices. So for such type of matrices we cannot 
define the notion of determinant of A. 


Example 1.4.5: Consider the super square diagonal matrix A 


given by 

3 10 2;/0 00/0 0 0 0 0 
1 01 1/0 00)0 0 0 0 0 
DP 00 CT POO One Orr B Oe Gg 
02 A OO 0 OO 0 0 OO 
000 0/5 01/0 0 0 0 0 

ne 0.0 00/0 11/0 0 0 0.0 
000 0/0 2 2}/0 0 0 0 0 
OOO Oe OF SO: Oe S12 
000 0/0 0 0/0 1 3 1 6 
OO OOO OOO T= Orr ae ek 
000 0/0 0 0/0 2 5 1 «0 
000 0/0 0 O0j1 3 1 0 2 

Clearly A is the square super diagonal matrix which 


diagonal elements are also square matrices, these super matrices 
we venture to define as square super square diagonal matrix or 
strong square super diagonal matrix. 


Example 1.4.6: Let A be a 10 x 12 super diagonal matrix. 
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oo co CO}rF N COLO Cc CO 
ea WoL oO CoO CO;o Co Oo 
Yvan CO]oceoloeooa 
wn Or FI1LoCoOo;|oe oo 
RCo CoOrlTOoOoOCcOoOYNoCoOCUcUrvClLChUcO 


oo Oo Of} rR FF KI Ooo Oo 


ooo o;jwronocooeo 


ooo ooo OfjN KF NY 


oooo;jo°nrcocooflfoeoc Fr 


ooo oocmcUcrcmllhCUCOlLCUOlCUrF Ol 


ooo oJ; Co CO Ol|WwerF aA 


We see the diagonal elements are not square matrices hence 
A is not a square matrix but yet A is a super diagonal matrix. 
Thus unlike in usual matrices where we cannot define the notion 
of diagonal if the matrix is not a square matrix in case of super 
matrices which are not square super matrices we can define the 
concept of super diagonal even if the super matrix is not a 
square matrix. 

So we can call a rectangular super matrix to be a super 
diagonal matrix if in that super matrix all submatrices are zero 
except the diagonal matrices. 


Example 1.4.7: Let A be a square super diagonal matrix given 
below 
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ooocoouvcmcrmwmwmlcOClmWlJ cOcUCOCOUCOOUILCOUCUWNN COCO 
(> ee Oe 
ooocoool;j°ocoloroF 
ooocoooo;jwrcolog7=7nu18lk KF 
ooocooooojococlcrc lc Ol} BOO CO Fe 
ooococlcUcmmCUCcUOUCUOChr RK; COUNT OOOO CO CO 
i > ee Pe Pe eee en ee) 
a es ~~ ed ee) 
YN ONMNFR CONIC CO CO;CoCcoclUcCmlLlUcO 
ee el ee ee) 
pe Re re CoCo oococlUlcChllTl COoOUCOCOCUCUCOCUCO 
Pe NRF RF NK oOo CoOo;Co Coo oO 
Se oe Re NO FILO CO OCOloOoolCUlOmOmlLUCUCOUCUCO 


This super square matrix A is a diagonal super square 
matrix as the main diagonal are matrices. Hence A is only a 
super square diagonal matrix but is not a super square diagonal 
square matrix as the diagonal matrices are not square matrices. 


DEFINITION 1.4.2: Let A be a square super diagonal matrix 
whose diagonal matrices are also square matrices then the 
super determinant of A is defined as 


(AJ; 0 | 0 JO] Oo 0 
0 |{A,/| 0 Jol] o 0 
0 | 0 |jA,|/o] oO 0 
EG Tage 120° Ill 0 0 
0 | o | o folja,,t] 0 
0 | 0 | 0 [fo |A, | 

= (A, 1A; |.-.-5[A, D. 
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where each submatrix A; of A is a square matrix and |A,| 
denotes the determinant of A;, i = 1, 2, ..., n. 


Example 1.4.8: Let A be a super square diagonal matrix; 


2 1 
0 0 0 
0 1 
co oe! 
0 ;0 0 1] O 0 
2 0 
3 
0 0 0 
0 1 
0 12 0 
003 4 
0 0 0 
0 10 0 
1 0 0 0 


Now the super determinant of 


6 1-2:.0 
a. 

21 3 | [0 0 3 4 
A=|A|= 001 

01 0 | lo 100 
i270 

1000 

=[2|-5|3|-8 |]. 


We see the resultant is a super vector. Thus the super 
determinant of a square super diagonal square matrix which we 
define as a super determinant is always a super vector. Further if 
the square super diagonal matrix has n components then we 
have the super determinant to have a super row vector with n 
partition and the natural length of the super vector is also n. 
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Thus the super determinant of a super matrix is defined if 
and only if the super matrix is a square super diagonal square 
matrix. 

Now having defined the determinant of a square super 
diagonal matrix, we proceed on to define super characteristic 
value associated with a square super diagonal square matrix. At 
this point it has become pertinent to mention here that all linear 
operators T, can be associated with a super matrix A, where A is 
a super square diagonal square matrix. 

Now we first illustrate it by an example. We have already 
defined the notion of super polynomial p(x) = [pi(x) | po(x) | ... | 
Pa(x)].- 


Now we will be making use of this definition also. 


Example 1.4.9: Let V = {(Q[x] | Q[x] | Q[x] | Q[x]) | Q[x] are 
polynomials with coefficients from the rational field Q}. V is a 


super vector space of infinite dimension called the super vector 
space of polynomials of infinite dimension over Q. Any element 
p(X) = (Pi(x) | pa) | ps(x) | pa(x)) such pi(x) € Q[x]; 1 Si <4 or 
more non abstractly p(x) = [x*+1 | 2x* — 3x+1 | 5x’ + 3x? + 3x4 
1 | x°—2x +1] € Visa super polynomial of V. 

This polynomial p(x) can also be given the super row vector 
representation by p(x) =(1001|1-32|/13300005/1-20 
00 1]. 

Here it is pertinent to mention that the super row vectors 
will not be of the same type. Still in interesting to note that V = 
{(Q[x] | ... | Q[x]) | Q[x] are polynomial rings} over the field Q 
is a super linear algebra, for if p(x) = (pi(x) | ... | Pa(x)) and q(x) 
= (qi (x) | «-- | dn(x)) € V then p(x) q(x) = (pilx) u(x) | «.- | 
Pn(X)qn(x)) € V. 


Thus the super vector space of polynomials of infinite 
dimension is a super linear algebra over the field over which 
they are defined. 


Example 1.4.10: Let 
V = ((Qx]| Q'Ex] | Q°[x] | Q°Tx] | Q°Ix)) | OX] 
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is a polynomial of degree less than or equal i; i= 3, 5, 6 and 2}, 
V is a super vector space over Q and V is a finite dimensional 
super vector space over Q. 

For the dimension of V is6+4+7+3+4=24. Thus 


Vi = {(K,X)X5X4X5Xo | X7XgXoXro | XypXiX1gX14X15X16X17 | 


X1gX1gXoq | Xp)X29X73%04) |X; €Q; 1 $1 < 24} 


is a Super vector space of dimension 24 over Q. 

Clearly V is a super vector space of super polynomials of 
finite degree. Further V is not a super linear algebra. 

So any element p(x) = {(x°+1 | x7+4 | x°4+3x* + x74] | x+1 | 
x°+3x-1)} =(1001/401|101031]|11{|-13 1) is the 
super row vector representation of p(x). 


How having illustrated by example the super determinant and 
super polynomials now we proceed on to define the notion of 
super characteristic values and super characteristic polynomial 
associated with a square super diagonal square matrix with 
entries from a field F. 


DEFINITION 1.4.4: Let 


be a square super diagonal square matrix with entries from a 


field F, where each A; is also a square matrix i = 1, 2, ...,n. A 
super characteristic value of A or characteristic super value of 
A (both mean the same) in F is a scalar n-tuple c = (c;| ... | Cn) 


in F such that the super matrix | A — cl | is singular ie non 
invertible ie [A — cl] is again a square super diagonal super 
square matrix given as follows. 
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where c = (c; | ... | C,) as mentioned earlier c; € F; 1 Si Sn.c 
is the super characteristic value of A if and only if super det (A— 
cl) = (det (A;-c,D) | ... | det (Ay-Cyl)) 

= (0|0| ... | 0) or equivalently if and only of super det [cI — A] 
= (det (A; —c)1) | ... | det (Ay — cyl) = (0 | ... | 0), we form the 
super matrix (xI-A) = ((xI — Aj) | ... | @I — A,)) with super 
polynomial entries and consider the super polynomial f = det 


(<I — A) = (det (xI—A)) | ... | det (I —A,)) = [fi | |S. 


Clearly the characteristic super value of A in F are just the 
super scalars c in F such that f(c) = (fi(cy) | fo(cy) | --- | frlC)) = 
(0 | ... | 0). For this reason fis called the super characteristic 
polynomial (characteristic super polynomial) of A. It is 
important to note that f is a super monic polynomial which has 
super deg exactly (n; | ... | N,) where n; is the order of the 
square matrix A; of A for i = 1, 2, ..., n. 


We say a super polynomial p(x) = [p,(x) | ... | pa(x)] to be a 
super monic polynomial if every polynomial p;(x) of p (x) is 
monic for i= 1, 2, ...,n. 


Based on this we can define the new notion of similarly square 
super diagonal square matrices. 


DEFINITION 1.4.5: Let A be a square super diagonal square 
matrix with entries from a field F. 


A, | 0 0 
0 | A, 0 
0 | 0 A, 
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where each A; is a square matrix of order n; X nj; i = 1, 2, ..., n. 
Let B be another square super diagonal square matrix of same 
order ie let 


where each B; is an; Xn; matrix for i = 1, 2, ..., n. 


We say A and B are similar super matrices if there exists an 
invertible square super diagonal square matrix P; 


P| 0 0 

—_ 0. )"Ps 0 

0] 0 Pi 
where each P; is a n; x n; matrix fori= 1, 2, ..., n such that each 
P; is invertible 1.e., Pp exists for each i= 1, 2, ..., n; and is such 


that 
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B, | 0 0 
0 | B, 
0 B, 
P'A,P 0 
2 0 P,'A,P, 0 
0 P'A.P, 


If B =P" A P then super determinant of (xI — B) 


= super determinant of (xI — P'A P) i.e., (det (xI-B)) | ... | det 
(xI —B,)) 

= (det (xI - P;'A,P,)|...|det (xI-P,'A,P.)) 

= (det(P/'(xI—A,)P,)|...| det P;'(xI- A, )P,) 

= (det P;' det (xI- A,) det P, |...|det P-' det (xI- A, ) det P,) 

= (det (xI-A,)|...|det (kKI-A,)). 


Thus this result enables one to define the characteristic super 
polynomial of the operator T,; as the characteristic super 
polynomial of any (n, x nj; | ... | My x Ny) Square super diagonal 
square matrix which represents T, in some super basis for V. 


Just as for square super diagonal matrices the characteristic 
super values of T, will be the roots of the characteristic super 
polynomial for T,. In particular this shows us that T, cannot 
have more than n, + ... +n, characteristic super values. 


It is pertinent to point out that T, may not have any super 
characteristic values. This is shown by the following example. 
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Example 1.4.11: Let T, be a linear operator on V = {(x;X2 | X3X4 
| X5X6) | Xi € Q; 1 <i < 6} the super vector space over Q, which 
is represented by a square super diagonal square matrix 


0-1/0 0}]0 O 

1 0;);0 0);0 O 

0 0;0 -1]0 O 
A= = 

0 O0j;1 0}]0 O 

0 0;0 0;0 1 

0 0,0 0Oj}f-1 0 


The characteristic super polynomial for T, or for A is super 
determinant of 


x 1/0 0/0 0 

-l x}/0 0/;0 0 

0 O}x 1/0 O 
(xI- A)= 

0 O};-1 x/0 O 

0 0 O;x -l 

0 0;0 Oj;1 x 


i.e., super det (xI — A) = [x°+]1 | x°+] | x*+1]. 
This super polynomial has no real roots, T; has no characteristic 
super values. 


Now we proceed on to discuss about when a super linear 
operator T, on a finite dimensional super vector space V is super 
diagonalizable. 


DEFINITION 1.4.6: Let V = (V_| ... | V,,) be a super vector space 
over the field F of super dimension (n; | ... | n,), ie each vector 
space V; over the field F is of dimension n; over F, i = 1, 2, ..., 
n. We say a linear operator T, on V is super diagonalizable if 
there is a super basis for V, each super vector of which is a 
characteristic super vector of T,. 
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Recall as in case of usual matrices or usual linear operators 
of a vector space we in case of super vector spaces using a 


linear operator T, = (T | ... | T,) on V, to have the characteristic 
super vector o = (a; | ... | @,) as the characteristic super vector, 
if Ta = ca ie., (Tia) |... [TnOn) = (C0; | ... | CnOtn) Where c = 
(c; | ... | C,)) is the characteristic super value associated with T,. 


If the super characteristic value are denoted by 


(Ge ser le wer lal ares 
and for a super basis 
= 1 1 1 
Be (Gps aaliy, wry) 


for V. 
Ta =caie., T, a) =c,0; 
fort=1,2,...,nj;andi=1,2,...,n. 


ce 0 0 
0 ¢ 0 
“1 0 0 0 
0 0 Cy 
c, 0 
2 
0 
0 “2 0 0 
[T,], = 
0 O Cy 
0 0 
cl 0 0 
0 0 
0 0 0 fn 
0 O c" 


We certainly require the super scalars 
(cep eve |e ante? (on | erence 2] 
must be distinct fori=1, 2, ..., n. 
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The scalars can be identical when each T; is a scalar multiple of 
the identity operator. But in general we may not have them to be 
distinct suppose T, is a super diagonalizable operator. 


Ll (eG hey CC yas new KG, say eee.) be: the 
distinct characteristic values of T; of T; fori = 1, 2, ..., n where 
T, = [T, | ... | Ti]. Then we have a basis B for which T, is 


represented by a super diagonal matrix for which its diagonal 
entries are c,,C,...,c, each repeated a certain number of times. 


If ci is represented d' times then the super matrix has super 
block form, 


i¢ [Ts]p = [Ts]B = 


cl 0 0 
0 cL 0 
ne 0 0 0 
OO. . seTe 
ely 0 0 
0 oF 0 
0 ve 0 0 
OOF ..c7Te 
0 0 
cl’ 0 0 
0 ct 0 
0 0 0 
0 0 cer 


where I; isa dj xd, identity matrix, j = 1, 2, ..., ky and t = 1, 
2, ..., mn. Thus we see the characteristic super polynomial for T, 
is the product of linear factors 

f=((x-c)" ...(x—c*)™ |(x-cl)® (x-c2)® ... 


..[(x—el)*... (x -e#)™ )=(f, |...|£,). 


2 n 
2 qd, qi 


k 
(x-—c, 
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We leave the following lemma as an exercise for the reader. 


LEMMA 1.4.2: Suppose T,a = ca. If f = (f; | ... | fi) is any super 
polynomial then f(T) = (fi(T) |... | fiT (ar |. | G)) = 
G(T) 1 | -- |fn(Tr) GW) = (fi(C) | | fnlCr) Oy): 


LEMMA 1.4.3: Let T, = (T; | ... | T,) be a linear operator on a 
finite dimensional super vector space V = (V; | ... | Vy). 


{(c saee ), «(ci ...c )}be the distinct set of super 
characteristic values of T, and let (W; |...|W") be the super 
subspace of the characteristic super vectors associated with 
characteristic super values Ge tag Ne LSE REE Tied on 


n, 


If 


WWE WW a We el WE) 
=(W'|... |W); 


then super dimension of 
W = (dimW +...+dim W, |...|dim W," +...+dim W,"). 
In fact if 
B= (B, Be |+-+| By se Be) 
where (B; ... B") is the ordered basis for (W; [ese We) then B 
is ordered basis of W. 


Proof: We prove the result for one — subspace 
W'=W, +...+ Wy , this being true for every t, t= 1, 2, ..., 
n thus we see it is true for the super subspace W = (W' | ... | 
Ww"). 

The space W'=W,'+...+ W, is the subspace spanned by 
all the characteristic vectors of T; where T, = (T, | ... | T,) and 1 
<t<n. Usually when one forms the sum W' of subspaces W/;'; 1 
<i <k, one expects dim W'< dim W; +... +dim W, because 


of linear relations which may exist between vectors in the 
various spaces. From the above lemma the characteristic spaces 
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associated with different characteristic values are independent 
of one another. 


Suppose that for each i, we have a vector B; in W, and 
assume that B; +...+B, =0 we shall show that B; =0 for each 


i, i = 1, 2, ..., k, Let f, be any polynomial of the super 
polynomial f= (f, |... | f,); 1<t<n. 


Since T,B; =c; B; the proceeding lemma tells us that 0 = 
f,(T,);0= £,(T, )B; OES, By, 


=F.()B, +--+ £,, Bi, 


Choose polynomials f/, f7,...,f such that 
| 0 i +j 

me=8.e| ee 

vile eat 


fort=1, 2,...,n. Then 0= fi(T,);0=D5,, Bi =f; . 


We 


Now let B; bea basis of W,' and let B' =(B,...By, ) 


1 


Then B' spans W'= W;' +...+ Wy, , this is true for every t 


= 1, 2, ..., n. Also B' is a linearly independent sequence of 
vectors. Any linear relation between the vectors in B' will have 
the form B,; +...+B,, =0; where B; is some linear combination 


of vectors in By We have just shown B; = 0 for each i, = 1, 2, 
.. k,and for each t = 1, 2, ..., n. Since each B, is linearly 


independent we see that we have only the trivial relation 
between the vectors in B'; since this is true for each t we have 
only trivial relation between the super vectors in 


B=(B8'|...|B=(B;... By, |B? ... By, |... B? ... By ). 


Hence B is the ordered super basis for 
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W= (Wet+...+ Wy |... [Wo +...+ We). 


THEOREM 1.4.2: Let T, = (T; | ... | T,) be a linear operator on a 
finite dimensional super space V = (V; | ... | V,) of dimension 
(n1, ..., Nn) over the field F. Let ((c; Sie )ievalG, <-Gy,)) be the 


distinct characteristic super values of T, and 
W, = (W, |...|W;") be the null super space of 


(T- cl) = (T-aP)|..1G,-e1")). 


Then the following are equivalent 
(i) T, is super diagonalizable 


(ii) The characteristic super polynomial for T, is f = (f1 | ... \fi) 
: i n)d,' n qj, 
=((x-¢))" 2. ey, |. | et)”. (et) 


and dim W; 20; 31 Sth t= Ll 


(iii) dim V = (dimW/ +...+dimW, |...|dimW;' + ...+ dim; ) 
=(dimV,|...|dimV, )=(n,....n,)- 


Proof: We see that (i) always implies (ii). 

If the characteristic super polynomial f =(f; |...|f,) is the 
product of _ linear factors as in (11) then 
(di ails |...|d? +...+d) ) = (dim V, |...| dim V, ). 
Therefore (ii) implies (iii) holds. By the lemma just proved we 
must have V =(V, |... | Vn) 

= (Wet...tW, |W... WY), 


i.e., the characteristic super vectors of T, span V. 
Next we proceed on to define some more properties for super 
polynomials we have just proved how the super diagonalization 


of a linear operator T, works and the associated super 
polynomial. 
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Suppose (F[x] | ... | F[x]) is a super vector space of polynomials 
over the field F. V =(V, | ... | Vn) be a super vector space over 
the field F. Let T, be a linear operator on V. Now we are 
interested in studying the class of super polynomial, which 
annihilate T,. Specifically suppose T, is a linear operator on V, a 
super vector space V over the field F. If p = (p; | ... | py) is a 
super polynomial over F and q = (qi | ... | qu) another super 
polynomial over F; then 


(p + q) Ts = (pi + qi) Ti | --. | (Pn + Gn) Ta) 
= (pi (Ti) | --- | Pa (Tn) + (Gi(T1) | --- | Gun (Tn). 
(pq) (Ts) = (pi(Tiqi(T1) | --- | Pn(Tn)qn(Tn)]- 


Therefore the collection of super polynomials p which super 
annihilate T, in the sence that p(T.) = (pi(T) | ... | pn(Tn)) = (0 | 
... | 0), is a super ideal of the super polynomial algebra (F[x] | 
... | F[x]). Now if A = (F[x] | ... | F[x]) is a super polynomial 
algebra we can define a super ideal I of A as I = (I, | ... | In) 
where each I, is an ideal of F[x]. Now we know if F[x] is the 
polynomial algebra any polynomial p,(x) in F[x] will generate 
an ideal I, of F[x]. In the same way for any super polynomial 


p(x) = (pi(x) |... | pa(x)) of A = [F[x] | ... | F[x]], we can 
associate a super ideal I= (I, |... | In) of A. 
Suppose T, = (T; | ... | T,) is a linear operator on V, a (n; | ... | 


n,) dimensional super vector space. We see the first I, 
2 2 2: 
Ti, «+s i bs Pu iad Ee seretec 5 Perel Bad Geena qT." 


has (nj +1,n>+1,...,n2 +1) powers of T, ie., n? +1 powers of 
T, fort = 1, 2, ..., n. 

The sequence of (nj +1,...,n> +1) of super operators in SL (V, 
V), the super space of linear operators on V. The space SL(V,V) 


is of dimension (nj,...,n2). Therefore the sequence of 


(nj +1,...,n2 +1) operators in Ty, ..., T, must be linearly 

dependent as each sequence I, T,, ..., T;" is linearly dependent; 

t= 1,2, ..., nie. we have ci I,+c'T,+...4c', T™ =0 true 
ny 


for each t, t=1, 2, ..., nj ie., 
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(chl, +erT, oe ore te ven phy Perret Cl = 0 Len; 


n 


| 0) for some scalar c} ...c" not all zero. So the super ideal of 


super polynomial which annihilate T, contains non-zero super 
polynomials of degree (n;,...,n-) or less. 


In view of this we now proceed on to define the notion of 
minimal super polynomial for the linear operator T, = (T; | ... | 
Ta). 


DEFINITION 1.4.7: Let T, = (T; | ... | T,) be a linear operator on 
a finite dimensional super n vector space V = (V; | V2| ... | V,); 
of dimension (n), ..., M,) over the field F. The minimal super 
polynomial for T is the unique monic super generator of the 
super ideal of super polynomials over F which super annihilate 
T. 


The super minimal polynomial is the generator of the super 
polynomial super ideal is characterized by being the monic 
super polynomial of minimum degree in the super ideal. That 
means that the minimal super polynomial p = (p;(x) | ... | Pa(x)) 
for the linear operator T, is uniquely determined by the 
following properties. 


(1) p=(pi| ... | pa) is a monic super polynomial over the 
scalar field F. 

(2) p(Ts) = (p(T) | .-- | Pn(Tn)) = (|... | 0). 

(3) No super polynomial over F which annihilate T, has 
smaller degree than p. 


In case of square super diagonal square matrices A we 
define the minimal super polynomial as follows: 
If A is a(n; X nj, ..., Ma X N,) Square super diagonal super matrix 
over F, we define the minimal super polynomial for A in an 
analogous way as the unique monic super generator of the super 
ideal of all super polynomials over F which super annihilate A, 
i.e.; which annihilate each of the diagonal matrices A; ; t = 1, 2, 
regi 
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If the operator T, represented in some ordered super basis 
by the super square diagonal square matrix then T, and A have 
the same minimal super polynomial. That is because f(T,) = 
(fi\(T1) | ... | CGa(Pa)) is represented in the super basis by the 
super diagonal square matrix f(A) = (f(A) | ... | f,(A,)) so that 
f(T) = (0 | ... | 0) if and only if f(A) =(0 |. . | 0), 1e.; (Ti) = 0 if 
and only if f,(Aj) = 0. 

In fact from the earlier properties mentioned in this book 
similar square super diagonal square matrices have the same 
minimal super polynomial. That fact is also clear from the 
definition because f(P 'AP) = P 'f(A)P i.e., (f\(P;' AiP)) |... | 
fy (Py'AnPa)) = (P/'f,(A,)P, |---| P;'f,(A,)P,) for every super 
polynomial f= (f; | ... | fi). 

Yet another basic remark which we should make about 
minimal super polynomials of square super diagonal square 
matrices is that if A is an X n square super diagonal square 
matrix of orders n,; x nj, ..., Ny X N, With entries in the field F. 
Suppose F; is a field which contains F as a subfield we may 
regard A as a square super diagonal square matrix either over F 
or over F, it may so appear that we obtain two different super 
minimal polynomials for A. 

Fortunately that is not the case and the reason for it is if we 
find out what is the definition of super minimal polynomial for 
A, regarded as a square super diagonal square matrix over the 
field F. We consider all monic super polynomials with 
coefficients in F which super annihilate A, and we choose one 
with the least super degree. 

If f=(f, | ... | f) is a monic super polynomial over F. 


f= (fi |... | fn) 
. k,-1 -_ : k,-l 
n n n 
=(x" +>) ai x" |...[x + >a; x*) 
Jn =9 


ji=0 


then f(A) = (f(A) | ... | fr (An)) = (0 | 0 | ... | 0) merely say 
that we have a linear super relation between the power of A 1.e., 
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(At +a, APT +...4 aA, +a], | 


[Ap tay Ar +...4arA, +a51,)=(0|0]...[0)...1 


The super degree of the minimal super polynomial is the least 
super positive degree (k; | ... | k,) such that there is a linear 
super relation of — the above form I in 
(LA, peg  deedelles AL. iy. ca Furthermore by _ the 
uniquiness of the minimal super polynomial there is for that (ky, 
..» K,) one and only one relation mentioned in I, i.e., once the 
minimal (k;, ..., k,) is determined there are unique set of scalars 
(aj ser +++)  +--a, _,) in F such that I holds good. They are 


the coefficients of the minimal super polynomial. Now for each 
n-tuple (ki, ..., kn) we have in I a system of (nj,...,n-) linear 


1 n 


equations for the unknowns (a),..., Ay ie srr Ags + Ay ; ). Since 
the entries of A lie in F the coefficients of the system of 
equations in I lie in F. Therefore if the system has a super 
solution with aj ,..., are aj,-.-,a, _, in F; it has a solution 


1 n 


: 1 n . y 
with a,,..., Ay trees Ags ++ Ay, I F. Thus it must be now clear 


that the two super minimal polynomials are the same. 


Now we prove an interesting theorem about the linear operator 
Le. 


THEOREM 1.4.3: Let T, be a linear operator on an (nj, ..., Mn) 
dimensional super vector space V = (V;| ... | V,) or [let A be an 
(Nn; X Nj, ..., My X Ny) square super diagonal square matrix]. The 
characteristic super polynomial and minimal super polynomials 
for T, (for A) have the same super roots expect for multiplicities. 


Proof: Let p = (pi | ... | Pn) be the minimal super polynomial for 


T, =(T) |... | Ta) i-e., pi is the minimal polynomial of Tj; i = 1, 
2, ...,n. Let c =(c; |... | Cn) be a scalar. We want to prove p(c) 
= (pi(cy) | ... | Pn (Cn)) = (0 | O| ... | 0) if and only if c is the 


characteristic super value for T;. 
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First we suppose p(c) = (pi(c1) | ... | Pn(Cn)) = (0 | 0] ... | 0). 


Then p = (pi | ..- | Pa) = (K— ¢) d= (KX — ei) |... | (K — en) dn) 
where q = (q; | ..- | qn) is a Super polynomial. Since super degree 
q < super degree p ie (deg qi | ... | deg qu) < (deg p; | ... | deg 


Pn), the definition of the minimal super polynomial p tells us 
that q (T,) = (qi(T)) | ... | qun(Tn)) # (O| ... | 0). Choose a super 
vector B = (B, | ... | Bu) such that 
q(T) B= (q,(T,) B, |---14, (7, )B,) # (0 0]...] 0). 
Let a = (a) | ... | Gn) 
= (4, (T,) B; |---14, (T,) B,)- 
Then 


(0/0... |0)= p(T.) B 
= (p(T) By |». 1 PT) Ba) 
= (T, - el) q(T.) B 
= (7, -¢],)q, (1)B,1---1, -¢,1,) 4, (T,) B.) 
= (7, -¢],)o,|-..[, -¢,1,) o,) 
= (T-cDa 


and this c is a characteristic super value of T;. Now suppose that 
c is a characteristic super value of T say Ta = ca ie (T,q, |... | 
TyOn) = (C101 |... | Cnn) With a = (a, |... | Gn) # (O]... | 0). 


As noted in earlier lemma p(T,) a = p(c) a 


1e., (p,(T,) a |---| Py (T,) &,) = (Pi (€,) &, |---| Pa (Cn) O,) 
Since 
p(T) = (p,(1)) |---| p,. (7, )) = ©]. -1.0) 
and a = (a; |... | dn) #(0| ... | 0) we have 


P(C) =(P:(C,) |---| Pa(Cn)) = (0 .-- | 0). 


Let T,=(T; | ... | T,,) be a diagonalizable linear operator and let 
(; 1G » ¢ Dee ied eer (c;...c, ) be the — distinct 
characteristic super values of T, = (T; | ... | Ty). Then it is easy 


104 


to see that the minimal super polynomial for T, is the minimal 
polynomial. 


P= (pi |---| Pn) 
=(&=¢) oc.) clase ce =e). 


If a = (a; | ... | Gn) is the characteristic super vector, then one of 
the operators T, — cil, ..., T; — cx I sends @ into (0 |... | 0) ie., 
(T, -e1,...T, —¢,1)|...1, -efl, ... T, — ef 1,) 


sends a =(a |... | Qn) into (0|...| 0). 
Therefore, 


(T, -¢11,)...(T, -¢,,1,) a, =0 
(1, =e wh, =e, 1 )a,=0 


so on 
(T, —¢,1,)...CE, =¢; 1,04 =0; 


for every characteristic super vector © = (a; | ... | On). 
There is a super basis for the underlying super space which 
consists of characteristic super vectors of T,, hence 


p(T.) =, (1) |---1 PT) 
= ((T, —cil,) sae ® (T, =¢,.1) | oot | eR =¢i1,) aioe (T, =¢, 1.) 
= (0° les), 
Thus we have concluded if T, is a diagonalizable operator then 


the minimal super polynomial for T, is a product of distinct 
linear factors. 


Now we will indicate the proof of the Cayley Hamilton theorem 
for linear operators T, on a super vector space V. 


THEOREM 1.4.4: (CAYLEY HAMILTON): Let T, be a linear 


operator on a finite dimensional vector space V = (V; | ... | Vn). 
Iff=(f1 | ... | f,) is the characteristic super polynomial for T, = 
(T,| ... | T,) (f, the characteristic polynomial for T,, i = 1, 2, ..., 
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n.) then f(T) = (f(T) | ... | f(T) = (0 | 0 | ... | 0); in other 
words, the minimal super polynomial divides the characteristic 
super polynomial for T. 


Proof: The proof is only indicated. Let K[T,] = (K[T)] | ... | 
K[T,]) be the super commutative ring with identity consisting of 
all polynomials in Tj, ..., T, of Ts. 1.e., K[T;] can be visualized 
as a commutative super algebra with identity over the scalar 
field F. Choose a super basis 


{(0,...04,, |---| (Gey ...043 )} 
for the super vector space V = (V, | ... | V,) and let A be the 


super diagonal square matrix which represents T, in the given 
basis. Then T, a; 


(T, (a, )|---| T, (a? )) 


ny Ny 
1 1 n n . 
DAs a | ae AG, ay. a 
j=l Jn=l 


These equations may be written as in the equivalent form 


j=l 


bs (85,;, T, = Aji) ch |. au -3¢ | > 6.3, T, * A I) Oj, 
Jjn=l 


=(0]0]...|0),1<i< nt=1,2,...,n., 


Let B = (B' | ... | B"), we may call as notational blunder and yet 
denote the element of (K™™|...;K"™™) with entries 


a 1 n 
B, =(Bi, |..-|B,) 


el 


=((6,,T, —A,, 1) |---|, T, =A; 1.) whenn= 2; 


Ju Jnin 0 
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B= T, = Auli = AGA, | | a = Aut, -A; I, 
me Ali T, = Avl, = Avl, a = Aj, 

(notational blunder) 

and super det B = 


B= ((T, ALL), = Aj|) = AyAo,1,)) 
oe | (((T, a Ail, (7, ~ Ayl,,) ~ ApAgl, }) 
[Cy -- (Ai, + AG) T, + (Ay, Ay» = ApArh) | oop | 
(T, — (Aq + Ax) T, + (ANAS — ADA) 
= (f(T) | .-- | f(T) 


= f(T), 
where f = (f| | ... | f,) is the characteristic super polynomial, f = 
(f; | ... | f:) = ((x’ — (trace Ay) x + det Aj) | ... | (x? — (trace Ay) x 
+ det A,)). 
For n > 2 it is also clear that f(T) = (f,(T;) | ... | fr(T,)) = super 
det B = (det B; | ... | det B,), since f = (f; | ... | fx) is the super 
determinant of the super diagonal square matrix xI — A = ((xl - 
Aj)|... | In — An)) whose entries are the super polynomials. 


(xI- A); = ((xI, -Ay).; [en CEL, -A)ii) 
= ((6,,x-Aj )---1(6,5,.%- AGG); 


Wi Jit 


we wish to show that f(T) = (f:(T1) | ... | fa(Tn)) = (0 |... | 0). 
In order that f(T) = (f,(T)) | ... | f:(T,)) is the zero super operator 
it is necessary and sufficient that (super det B) a 
= ((det By). |...| (det Bae ) 
=(0|...| 0) fork,=1,...,ng t=1,2,...,n. 
By the definition of B the super vectors 
(Cae Oi, Jel Otel 


satisfy the equations; 
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ny i ' Dy 

n n 
> Bi a |---| > Bia 
j=l Jn=l 


=(0|...|0), 1<i<ngt=1,2,...,n. 


When n = 2 it is suggestive 
T, fs AGT -Aj I], O,, 
-AjoI, de Aol 0 
J T,-AnlL —-AiL co Sean Naa | 0 
“"\ -Atl  T,-A‘I, Jlo3 0) oj} 


In this case the classical super adjoint B is the super diagonal 
matrix B = [Bilis | Be. 


B, | 0 0 
_| 0 |B, 0 
0 | 0 B, 


(once again with notational blunder!) 
B= 
T, = Arh Au 
A T, = Ant 


0 


T, ~ Asal; AGS 
AG T, p. An 


T, Sy Anl, Aol, 
Ap T, ~ Ail, 


and 
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B= super det B 0 
0 superdet B } 


Hence we have 


BB, ( Fs 0 0 
| fea L 
0 0 BB, e 
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~ 


B= super adj B 


B, | 9 |0} 0 
; 0 |B, |0] 0 
1.€., 0 0 0 

0; 0 |0]B, 
adj B 0 
0 adj B, 
0 
0 0 adj B, 
B,,B,c' -(Sa, Bij OL; [acl >B, > ae 
jal ial ia ee ee 
=(0|... | 0) 


for each pair k,, i; 1 <t<ngt=1,2,...,n 


Thus we can prove as in case of usual vector spaces super 


(det B),, =((det B,),, | ...| (detB,),, =|... | 0). 
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As in case of ordinary matrices the main use of Cayley 
Hamilton theorem for super diagonal square matrices is to 
search for minimal super polynomial of various operators. 


We know a super diagonal square matrix A which represents T, 


= (T; | ... | Ta) in some ordered super basis, then we can 
calculate the characteristic super polynomial, f = (f; | ... | fh). 
We know that the minimal super polynomial p = (p; | ... | pn) 


super divides f = (f; | ... | f,) (.e., each p; divides fj;1=1, 2, ..., 
n then we say p = (p; | ... | Pn) Super divides f = (f; | ... | fi). 


We know when a polynomial p; divides fj the two polynomials 
have same roots for 1 = 1, 2, ..., n. There is no method of 
finding precisely the roots of a polynomial more so it is still a 
open problem to find precisely the roots of a super polynomial 


(unless its super degrees are small) however f = (fi | fo | ... | fn) 
factors as 
1 d n\d" i d 
(ae) eer, sell ee) ante Se, ys 
1 1 n n 
(Cpareeg [esc Gi eet) 


are super distinct i.e, we demand only (c, aCe) to be 


distinct and di >1 for every t,t =1, 2, ..., n, then 


p = (pil... | Pn) 


1 n n 
= (x—c})* ...(x—04,)™ |...|(e—0?)® «1. (x-02 )) 


l< fi < di , for every t = 1, 2, ..., n. That is all we can say in 


general. 
If f = (f, | ... | f,) is a super polynomial given above has super 
degree (n, | ... | ny) then every super polynomial p, given; we 


can find an (n; x nj, ..., Ny X Ny) Super diagonal square matrix A 
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A, | 0 0 
0 5 NOG) 6 
0 
0/0 {,0/A, 
with A;, a n; X nj matrix; 1 = 1, 2, ..., n, which has fj as its 


characteristic polynomial and p; as its minimal polynomial. 
Now we proceed onto define the notion of super invariant 
subspaces or an invariant super subspaces. 


DEFINITION 1.4.8: Let V = (V)| ... |V,) be a super vector space 
and T, = (T; | ... | T,) be a linear operator in V. IfW = (W, | ... | 
W,,) be a super subspace of V; we say that W = (W, | ... | W,,) is 
super invariant under T if for each super vector a = (a) | ... 
|@,) in W = (W, | ... | W,) the super vector T,(a) is in W = (W, | 
.. | W,) ie. if T,(W) is contained in W. When the super subspace 


W = (W,| ... | W,,) is super invariant under the operator T, = 
(T, | ... | T,) then T, induces a linear operator (T,) yw on the super 
subspace W = (W, | ... | W,). The linear operator (T,)y is 


defined by (T;) w (a) = T,(a) for ain W = (W, | ... | W,) but (Tw 
is a different object from T, = (T | ... | T,) since its domain is W 
not V. 


When V = (V,| ... | Vn) is finite (nj, ..., Nn) dimensional, the 
invariance of W = (W, | ... | W,) under T, = (T, | ... | Ty) has a 
simple super matrix interpretation and perhaps we should 
mention it at this point. Suppose we choose an ordered basis B 


= (By [+2] Bay (Gj aa, jasc) apace) tor V = Vy' | as | 
V,) such that B’ = (a, ... a, |...|@) ...@,) is an ordered basis 
for W = (W, | ... | W,); super dim W = (j, ..., tn). Let 


A =[T,], so that 


ny Dy 
1 1 n n 
Ta, = > A..@, | | > A’. a 
sO; it v2 ing iy . 
i,=l 


i=l 
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Since W = (W, |... | W,) is super invariant under T, = (T; | ... | 
T,) and the vector T,a,; = (Tyo; |...|T,a}) belongs to W = (W, 


|... | Wn) for j, <1, This means that 


ut qh 
= 1 1 n n 
To; >: DAA, | ae | An. 
ij=l i,=l 
jeStgt=1,2,...,n. In other words Aj, = (A, al Ag. I= 


|... | 0) if}, <1, and i, > 1, 


A, | 0 0 
7 0 |A,]0 | 0 
“1: | 0 0 
0|0/0]A, 
8 
0 |0 0 
0 D 
o |B & 0 
~ 0 D, 
0 0 
fe 
0 0 |0 
0 D, 


where B, is an 1; x r; matrix, C; is ar; x (m,—1;) matrix and D; is 
an (nm; —1,) X (nN; — 1) matrix t= 1, 2, ..., n. 


In view of this we prove the following interesting lemma. 


LEMMA 1.4.4: Let W = (W, | ... | W,) be an invariant super 
subspace for T, = (T; | ... | T,). The characteristic super 
polynomial for the restriction operator 


(Ty =(Q)y, |---\Q dw.) divides the characteristic super 


polynomial for T;. The minimal super polynomial for 
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(T,),,= (Dy, |---(L,),,, ) divides the minimal super polynomial 
for T;. 


Proof: We have [T,]3 = A where B = {B, ... B,} is a super basis 
for V =(V, |... | Vn); with Bj = {ct thes ai} a basis for V;, this 


is true for each i, i = 1, 2, ..., n. A is a super diagonal square 
matrix of the form 


0); 0/0]A, 
where each 
1 C; 
Aj = 
0 OD, 
fori=1, 2, ..., nj Le. 
1 C, 
0) 0 0 
0 D, 
B, C 
0 ee 0 0 
A= 0 D, 
0 0 
n C, 
0 0 0 
0 OD, 


and B=[(T,),,],, where B’ is a basis for the super vector 


subspace W = (W, | ... | W,) and B is a super diagonal square 
matrix; i.e. 
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Now using the block form of the super diagonal square matrix 
we have super det (xI — A) = super det (xI — B) x super det (xI — 
D) 
i.e. (det (xl; — Aj) |...| det (xI, -A,)) 
= (det (xI, —B,)det(xI/ -D,)|...| 
det (xI' —B,) det(xI” —D,)). 


This proves the restriction operator (Ts)w super divides the 
characteristic super polynomial for T,. The minimal super 
polynomial for (T;)w super divides the minimal super 
polynomial for T,. 

It is pertinent to observe that [, , I/,1,,...,1, represents 


different identities i.e. of different order. 
The K" row of A has the form 


Be c™ 
: : 0 0 
0 D* 
0 By Cy 0 
A‘ = 0 DP 
= 2; 
BSC 
0 0 4 z. 
0 D® 


where C* is some r; x (nm — 1) matrix; true for t = 1, 2, ..., n. 
Thus any super polynomial which super annihilates A also 
super annihilates D. Thus our claim made earlier that, the 
minimal super polynomial for B super divides the minimal 
super polynomial for A is established. 


Thus we say a super subspace W = (W, |... | W,) of the 
super vector space V = (V,| ... | Va) is super invariant under T, 
=(T, |... | Tn) if T,(W) € W ie. each T;(W;) € Wj; for i = 1, 2, 
.4N0Le. ifa =(a)|... | On) e W 

then T,a = (Tyo; | ... | Tr) where 
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Oy = XjQ; +... 4K, 0, 5 

O2 =X; Q;+...+K, a, 
and so on 

O, =X; Of +...+X7 OP. 


= Diese’ tt Lote nonon nonin 
To = (t, Xj), +...+t,x,0, |-..[t xpa;+...+t, x, a; ). 


Now B described in the above theorem is a super diagonal 
matrix given by 


Thus the characteristic super polynomial of B i.e. (Ts)w) is 


g=(gi|.-- 18a) = 
(GHC) eee alae) eee) 


where e, = dim W, fori=1, 2, ...,K,andt=1, 2, ...,n. 


Now we proceed onto define T, super conductor of any o into 
W =(W, |... | Wa). 
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DEFINITION 1.4.6: Let V = (V;| ... | V,) be a super vector space 
over the field F. W = (W,| ... | W,) be an invariant super 
subspace of V for the linear operator T, = (T; | ... | T,) of V. Let 
a=(a,|... | a) be asuper vector in V. The T-super conductor 
of @ into W is the set S,(a;W) = (S;(a@%3W,) |...|S; (@,5W,,)) 


which consist of all super polynomials g = (g; | ... | Zn) (over 
the scalar field F) such that g(T,)a@ is in W, i.e. (g(T))aQ | ... | 
£n(T) &) €W=(W)| ... | W,). ie. g(T) a) © W; for every i. Or 
we can equivalently define the T, — super conductor of a in W is 
a T; conductor of a; in W; for every i = 1, 2, ..., n. Without loss 
in meaning we can for convenience drop T, and write the super 
conductor of a into W as S(a;W) = (S(a,;W,)|...|S(a,3W,)) - 


The collection of polynomials will be defined as super 
stuffer this implies that the super conductor, the simple super 
operator g(T;) = (gi(T1) | ... | a(Tn)) leads the super vector a 
into W. In the special case W = (0 | ... | 0), the super conductor 
is called the T, super annihilator of a. The following important 
and interesting theorem is proved. 


THEOREM 1.4.5: Let V = (V;| ... | V,) be a finite dimensional 
super vector space over the field F and let T, be a linear 
operator on V. Then T, is super diagonalizable if and only if the 
minimal super polynomial for T, has the form 


P=(p1| [Pd =(x-q)..- eg, eI). 


where (ey ecey liv lef see) are such that each set 


G pee are distinct elements of F for t = 1, 2, ..., n. 


Proof: We have noted that if T, is super diagonalizable, its 
minimal super polynomial is a product of distinct linear factors. 


To prove the converse let W = (W, | ... | Wy) be the super 
subspace spanned by all of the characteristic super vectors of T; 
and suppose W = (W,|... | Wn) # (Vi | ... | Vn) Le. each W; # 


V;. By the earlier results proved there is a super vector a not in 
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W = (W, | ... | Wn) and a characteristic super value 
C; =(c; ,..¢; ) of T; such that the super vector B = (T-cl)a 
Le. (B, |.../B,) = ((T,-¢;,1,)a,|...{(, —c7T,)a,) lies in W = 
(W,|... | W,). Since (B; |... | Ba) is in W, 


BS GiB. 1B, Pst Be bolB eet Be ) 
where B,=B,+...+B,, fort=1, 2, ...,n with T.Bi =ciB; 1<i< 
K ie. (TB; |..-7,B;) = (c, B,|---l¢,B2); (i < i: < K) and 


therefore the super vector 


h(T, )B = (h, (cB, +--+, (Ck, )Bx, |---| 
h,(c; Br +... +h, (Cx, Bx, ) 
= (b, (TB, |...[h, (TB, ) 
is in W =(W||... | W,) for every super polynomial h = (hj | ... | 
h,). 


Now (x — cj) q for some super polynomial q, where p = (p, | 


-++ | Pn) and q = (qi | ..- | qn). 
Thus p = (x — cj) q implies 


p = (pil... | Pa) 
=) (=e, )q;|2.]@=C; )q;) 


i.e. (q, —4,(¢; )I---1g,—4, (C} = C(x —;, Jhy|..-|(x —c7 Dh). 
We have 


q(T, )a—q(c,)a=(q,(T, or, —4,(C;, )% |---| 
q(T, JO, — Ay (C}, JO) 
= h(T,)(T,-¢,Doa=h(T,)B 
= (h, (1,7, - 6,1, |--.1h, (7, (1, - 07,1, tn) 


=(h, (7) )B, |---|, (7, )B,.) - 
But h(T,)B is in W = (W;,|... | Wn) and since 


0 = p(T, a = (p, (7, a, |---[P, (T,, Jo, ) 
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=(T, -c,Dq (To 
= ((T,-e11,) 4, (Ta, |...[(T, —e" 1, )q, (Tor, ; 


the vector q(T;)a is in W. Therefore q(cj)a is in W. Since a is 
not in W we have q(c;) =(q,(c; )I---14, (c} ))=(0]...|0). Thus 
contradicts the fact that p = (pi |... | pn) has distinct roots. 

If T, is represented by a super diagonal square matrix A in some 
super basis and we wish to know if T; is super diagonalizable. 


We compute the characteristic super polynomial f = (f; | ... | fh). 
If we can factor 


Fo = (f|...]4) 


1 Ay n 
((x-c})" 2. (x 0k, |. eh) (x c8 )) 


we have two different methods for determining whether or not T 
is super diagonalizable. One method is to see whether for each i 


= 1, 2, ..., n we can find di independent characteristic super 
vectors associated with the characteristic super values c; . The 
other method is to check whether or not 
Ge). (He) (del). e.1) 
|. 2 JI, ---(T, 6%, 1,)) 
is the super zero operator. 


Several other interesting results in this direction can be 
derived. Now we proceed onto define the new notion of super 
independent subsuper spaces of a super vector space V. 


DEFINITION 1.4.10: Let V = (V; | ... | V,) be a super vector 
space over F. Let W,=(W;|...|W,"), W,=(W}|...|W,')... 
W,, =(W, |...|W2) be K super subspaces of V. We say Wi, ..., 
Wx are super independent ifa; + ... + Ax = 0; a; € W; implies 
each a; = 0. 
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a, = (@ |...) =F) ...1F); 


true for i = 1, 2, ..., K. If W; and W> are any two super vector 
subspaces of V = (V; | ... | V,), we say W,=(W;' |...|W,") and 
W,=(W|...|W3') are super independent if and only if 
WOW, = WOW) |. WOW!) = 01 0). |O). If Wi Wo 
. Wx are K super subspaces of V we say W), W, .... Wx are 
independent if Wi 0 W217... 0 We = WiAW,O...We...| 
Wl AWS O...0AW,) = (0 | ... | 0). The importance of super 
independence in super subspaces is mentioned below. Let 


W = W') + Suge W". 
= (Wit ...4Wy|.|W +...4W2) 
= (W310) 
W’ is a subspace V; and W/=W/+...+W, true fori = 1, 2, ..., 


- 


n. Each super vector a in W can be expressed as a sum 
a=(a)|...,a)=(a,t...+a,)|..Jayt...4@%)) ie. each 
a =ajit+..ta.; ad © W. If Wi, W ..., We are super 


independent, then that expression for ais unique; for if 


a=(B +...+ By) = (Bit. t+ BL || Br +...4 Br) 
BeEW;i=1,2,..,K. B, = Bi +..4+ 8 then 


a-a=(0|...|0) = ((@} — Bi) +...4+ (Ay — f.)I...| 
(Q/ =f) ) +0. (Be - 7) 


hence each a) - 8B) =0; 1 Si SK;t=1, 2,...,n. Thus Wi, W2, 
.., We are super independent so we can operate with super 
vectors in W as K-tuples ((Q ,...,Oy )s..05(Qy 5.0500); a EW, 3 1 
SisK;t=1, 2, ..., n. in the same way we operate with R* as 
K-tuples of real numbers. 
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LEMMA 1.4.5: Let V = (V; | ... | V,) be a finite (nj, ..., My) 
dimensional super vector space. Let W), ..., Wx be super 
subspaces of V and let W =(W/+...W,|...| Wi +...tW2). The 


following are equivalent 


(a) W,, ..., Wx are super independent. 

(b) For each j; 2 sj <K, we have W; 7 (W, + ... + W)-1) = 
{(0 |... | OF 

(c) If B; is a super basis of W;, 1 <i <K, then the sequence 
B=(B, ... Bx) is a super basis for W. 


The proof is left as an exercise for the reader. In any or all of the 
conditions of the above stated lemma is true then the supersum 


W=W, +... + We = (W, +...4 Wy|...[W,+...+W2) where 
W, =(W/ |...|W,") is super direct or that W is a super direct 
sum of W,, .... We te. W = W, @® ... © We Le. 
(W; @...®W,|...| W ®...8 We) . If each of the W; is (J, ..., 
1) dimensional then W = W, © ... © Wy 
=(W, ©...0W, |...)W" @...8 W"). 


DEFINITION 1.4.11: Let V = (V; | ... | V,) be a super vector 
space over the field F; a super projection of V is a linear 


operator E, on V such that E- =E, ie. E, = (EF, | ... | E,) then 
E? =(E,|...|E2) = (E,| ... | E,) ie. each E;is a projection on 
V;; i= 1, 2, ..., n.. Suppose E, is a projection on V and R = (R, | 
... | R,) is the super range of E, and N = (N_ | ... | N,) the super 
null space or null super space of E;. The super vector B = (f; | 
... | 8) is in the super range R = (R;| ... | R,) if and only if EB 
= B i.e. ifand only if (E,f; | ... | Enfr) = (81 | ... | By) ie. each 
E~; = 6 fori =1, 2, ..,n. f P= Ea ie. B= (8 |... | By) = 


(E;a, | ... | EnQ,) where the super vector a = (a; | ... | Q,) then 
EB = E2a=E,a=f. Conversely if B = (B; | ... | By) = EB 
= (Ef; | .. | Enf,) then B= (8, | .. | 8) is in the super 


range of E,. ThusV =R @N i.e. V=(V;| ... | Vi) = (Ri @N, | 
.. | Ry, @N,). 
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Further the unique expression for = (a), | ... | Q,) as a sum of 
super vectors in R and Nis a= E,a+ (a—E,q@) ie. a; = E;a, + 
(a; — E;a,) for i = 1, 2, ..., n. From what we have stated it easily 
follows that if R and N are super subspace of V such that V = R 
ON i.e. V=(V;| ... | Vi) = (Ri ON, |... | Rn @N,) then there 
is one and only one super projection operator E, which has 
super range R = (R,| ... | R,) and null super space N = (N_ | ... 
| N,,). That operator is called the super projection on R along N. 


Any super projection E, is super diagonalizable. If 
12, Or ke ) is a super basis for R = (R; | ... | R,) 


n 
r,+1 


1 1 
pase y de 


| N,) then the basis B = (a... G,, )|u+-[On" ...0r,) = (B, | ... | By) 


super diagonalizes FE, . 


and (a ...@,) is a super basis for N = (N7 | ... 


; 0 0 
I 
0 ? 0 
(E,) = 0 0 
0 0 0 
I 
0 0 n 
0 0 
= ([£,]|..- ILE, 1s, ) 


where I, is ar, X r, identity matrix; t = 1, 2, ..., n. Thus super 
projections can be used to describe super direct sum 
decompositions of the super vector space V = (V;| ... | Vn). 
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Chapter Two 


SUPER INNER PRODUCT SUPER SPACES 


This chapter has three sections. In section one we for the first 
time define the new notion of super inner product super spaces. 
Several properties about super inner products are derived. 
Further the notion of superbilinear form is introduced in section 
two. Section three gives brief applications of these new 
concepts. 


2.1 Super Inner Product Spaces and their Properties 


In this section we introduce the notion of super inner products 
on super vector spaces which we call as super inner product 
spaces. 


DEFINITION 2.1.1: Let V = (V, | ... | V,) be a super vector space 
over the field of real numbers or the field of complex numbers. 
A super inner product on V is a super function which assigns to 
each ordered pair of super vectors a = (a; | ... | Q) and B = (Pp; 
|... | 8B) in V a n-tuple scalar (a| B) = ((a; | By), «5 (Qn | BY) 
in F in such a way that for all a = (a; | ... | @), B= (B) |... | 
B,) and y= (% | ... | %) in V and for all n-tuple of scalars c = 
(Cy, .., C,) In F 
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(a) (a+ Bl\ y=(al pt (Bl pie. 
(a, + Bi\ Y) | | (Gn + Bd | td) 
= ((a1| %) + (Bi | W) | \C@n| Hd + (Pal AW) 
(b) (calB) = c(a\P) i.e., ((ciay | Bi) |. | (Cn@n| Bo) 
= (C1(@i | fy | | Cn (On | By) 
(c) (B\a) =(@|P) ie., 
(B,1%)I---B, 12.) =(a | A)I---@, |B) 
(d) (a|@>(0|... | ifaz0ie., 
((a; | Gy) |... | (Gn | &)) > (0 | ... |O). 
All the above conditions can be consolidated to imply a single 
equation 


(alcB+y)=c(a| B)+(a|y)ie. 
(a GB +M)I-- MQ 1OBr l%n)) = 
(6(@ |B) + IMI le (@, |B +(G, 17%) - 


Example 2.1.1: Suppose V =(F"|...{F"") be a super inner 
product space over the field F. Then for a € V with 
O= (G)x.0, [|G sods ) 
and B € V where 
B = (B,..-B,, |---IBy ---Ba, ) 


(a |B) (Da, Das, } 
hi Jn 
This super inner product is called as the standard super inner 
product on V or super dot product denoted by a * B =(a | B). 


We define super norm of a = (a |... | Gn) e V=(Vi |... | 
V,,). Super square root of 


Va.) = CYC, |) |--LV(@, 10.) ), 
so super square root of a n-tuple (x; | ... | X,) is (Wx: laf) 


We call this super square root of (a | a) , the super norm viz. 


Vela) = (l@,1e,) |...1/(.12,)) 
= (lol ---1 fal) 


0 
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5 || & II. 


The super quadratic form determined by the inner product is the 
function that assigns to each super vector a the scalar n-tuple 


lof = (lal | 1 


space the super inner product space is a real or complex super 
vector space together with a super inner product on that space. 


a Hence just like an inner product 


a, 


We have the following interesting theorem for super inner 
product space. 


THEOREM 2.1.1: Let V = (V; | ... | V,,) be a super inner product 
space over a field F, then for super vectors a = (a | ... | Q) 
and 2B = (2, | ... | 8, in V and any scalar c 


(i) |cal| = |c| ||| 

(ii) la|| >(0 | ... | 0) for a#(0|... | O) (flail |... | 
lil) > (0| ... | O; a= (a; |... | @) #O0|.. | 0) 
Le. a@40;i=1, 2, ...,n. 

(iii) \(a|A)|Slla|| | Alli-e., 

(QA). 1 AD S (Me TA MT--1 Me, INA, ID 


i.e. each |(a, | B,)\<\lq@; || |B || fori=1, 2, .., 0. 


(vy) |la+Alls|le|l+|l All ze. 
(Ila + Alll--- lla, + Bll) 
< (Ql +A I --- 1a, + 1B, Il), < denotes 


each ||a,+ B\|<|la||+|| 4 || fori al 2 on. 


Proof: Statements (1) and (2) follows immediately from the 
various definitions involved. The inequality (iii) is true when a 
#0. Ifa#(O|...|O)ie. (a,|... | On) 4(0|... | 0) Le. a; #0 for 
i=1,2,...,n, put 

(B| a) 


lol 


y=B- 


Qa 
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where y= (yi |... | Yn), B= (Bi |---| Bn) and a = (a; |... | On), 


(ile lm) =p- 82a 
eal 
: o Blo) | p,— Paleo, | 
| ou lol 
Then (y|a) = (0| ... | 0) and 
©|...10) < (iy iP 1--lllyaI?) 
- in =( Blealp Bl, | 
joe || eal 
= 6ipy- BlXalB) 
a. | 


= (B,1B,) |---16,1B,)) 
( (Bi10)(44 1B.) Bs |) Pal 


2 
lou IP Ilo, || 


(B, |o,) (a, | B,) 


lla, IP 


|---| (B, 1B.) 


iG 1B.) Bel tela) 


lloIP 


-(iis yp — BOE | ip, iP HealBF 


| o, IP lo, IP 


Hence |(a [BI < oll WP BIP ie. | (1B) P Sle? IB APs i= 
L2 ecg 


Jo +B) =, jo fF +@1B)+61a)+] 8] 
i.e. (a, +B, [|---| flo. +B, I’) ~ 
(((loul? + €o.1B,)+ (6,14) 1B, IP L-- 
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*(a, 1B,)+(6, 1@,)+IIB, IP} 


= ([]ou, fF + 2ReCor, 1B,)+ |B, PI 


I, 


|a, | + 2Re(a., 1B,)+I8, |) 
< (lou P+ 2fou [| 1B, [+18 I 
lox, fF + 2H, | 1B. +18. IP) 


=(((o f+ B,D? 1-1 oe. |B. 


+| 


eile 


since each |/a, +8; || <||a;|| + ||B;|| for i= 1, 2, ..., n we have 
||a+B]| < || a |] + || B || ‘<? mdicates that the inequality is super 
inequality i.e. inequality is true componentwise. 


Now we proceed onto define the notion of super orthogonal 
set, super orthogonal supervectors and super orthonormal set. 


DEFINITION 2.1.2: Let a = (a | ... | @) and B= (fB;| ... | By 
be super vectors in a super inner product space V = (V; | ... | 
V,,). Then a is super orthogonal to B if (a| B) = ((a; | By) | «.. | 


(Qn | By) = (0 | ... | 0) since this implies B is super orthogonal 
to a, we often simply say a and f are super orthogonal. If S = 
(S; | ... | S,) is a supersubset of super vectors in V = (V; | ... | 


V,), S is called a super orthogonal super set provided all pairs 
of distinct super vectors in S are super orthogonal i.e. by the 
super orthogonal subset we mean every set S; in S is an 
orthogonal set for every i = 1, 2, ..., n. t.e. (@ | B) = 0 for all 
a, PB; € S; i = 1, 2, ..., n. A super orthonormal super set is a 
super orthogonal set with additional property ||@|| = (\|@|| |---| 
l||a@|) = (1 |... | D, for every ain S and every a; in S; is such 
that || a; || = 7. 


The reader is expected to prove the following simple results. 
THEOREM 2.1.2: A super orthogonal super set of nonzero super 


vector is linearly super independent. 
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The following corollary is direct. 


COROLLARY 2.1.1: If a super vector B = (B; | ... | By) is a linear 
super combination of orthogonal sequence of non-zero super 
vectors, 0, .... Om then B in particular is a super linear 
combination, 


=, (B, (Ox) wy (B, 1x, ) 
areas et Per pera 
ka [!Ox, || Ka [!Ox, Il ; 
We can on similar lines as in case of usual vector spaces derive 
Gram Schmidt super orthogonalization process for super inner 
product space V. 


THEOREM 2.1.3: Let V = (V; | ... | V,) be a super inner product 
space and let (f, ... B,, ),-+(B!...Bi) be any independent 


super vector in V. Then one may construct orthogonal super 
vector (a ihe, ),-++5(@'...@¢),)in V such that for each K = (K; 


| ... | Kj), the set {(ay},...Ax, )ye++3(Q',-+5 OK )} is a super basis 


for the super subspace spanned by (f} ... Bx. Wei ade ) 


Just we indicate how we can prove, for the proof is similar to 
usual vector spaces with the only change in case of super vector 
spaces they occur in n-tuples. 


It is left for the reader to prove “Every finite (m, ..., Ma) 
dimensional super inner product superspace has an orthonormal 
super basis”. We can as in case of vector space define the notion 
of best super approximation for super vector spaces. Let V = 
(V, | ... | Vn) be a super vector space over a field F. W = (W, | 
... | W,) be a super subspace of V = (V; | ... | Vn). A best super 
approximation to B = (B; | ... | Bn) by super vectors in W = (W;, | 
... | Wy) is a super vector a = (at; |... | @,) in W such that 
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||B—cl] = (1B, —o, HH] ---1IB, - 4, Il) 
< (IIB: -7, I --Ba Yu 1) =IIB-vIl 


for every super vector y = (y1 | ... | Yn) in W. 


The reader is expected to prove the following theorem. 


THEOREM 2.1.4: Let W = (W, | ... | W,) be a super subspace of 
a super inner product space V = (V; | ... | V,) and let B = (B; | 
... | 8, be a super vector in V. 

(i) The super vector a = (a; | ... | Q) in W is a best 
super approximation to B = (B; | ... | B,) by super 
vectors in W = (W, | ... | W,) if and only if B- a= 
(8; — a1 | ... | B, — Q) is super orthogonal to every 


super vector in W. 


(ii) If a best super approximation tof = (PB, | ... | B,) by 
super vector in W exists, it is unique. 

(iii) IfW = (W,| .. | W,) is finite dimension super 
subspace of V and Gt Je (Ga) is 


any orthonormal super basis for W then the super 


vector @ = (a | . | @) = 
(B, | oq, a, (B, | OK, \Ox 
KR We, Il kK, Ilex, ll 


super approximation to B by super vectors in W. 


Now we proceed onto define the notion of orthogonal 
complement of a super subset S of a super vector space V. 


Let V =(V, |... | Vn) be an inner product super space and S any 
set of super vectors in V. The super orthogonal complement of 
S is the superset S* of all super vectors in V which are super 
orthogonal to every super vector in S. 


Let V =(V, |... | Vn) be a super vector space over the field 
F. Let W = (W, | ... | W,) be a super subspace of a super inner 
product super space V and let B = (B; | ... | Ba) be a super vector 
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in V. a = (q; | ... | Oy) in W is called the orthogonal super 
projection to B =(f, |... | Bx) on W = (W, | ... | W,). If every 
super vector in V has an orthogonal super projection of B = (f, | 
... | Bn) on W, the mapping that assigns to each super vector in 
V its orthogonal super projection on W = (W, | ... | W,) is 
called the orthogonal super projection of V on W. Suppose E,; = 
(E; | ... | En) is the orthogonal super projection of V on W. Then 
the super mapping B > B-E,B ie., B = (B |... | Ba) > (Bi - 
E, Bi | ... | Ba — EnBu) is the orthogonal super projection of V on 
W*=(W, |.../Wo). 


The following theorem can be easily proved and hence left for 
the reader. 


THEOREM 2.1.5: Let W = (W, | ... | W,,) be a finite dimensional 
super subspace of a super inner product space V = (V; | ... | V,) 
and let E, = (E; | ... | E,) be the orthogonal super projection of 
V on W. Then E, is an idempotent linear transformation of V 
onto W; Weis the null super subspace of E, and 


V=W OW ie. V=(V,|...|V,) = (WOW? |...|W,OW-). 


Consequent of this one can prove I — E, = (() — E; | ... | In— En) 
is the orthogonal super projection of V on W~. It is a super 
idempotent linear transformation of V onto W~ with null super 
space W. 


We can also prove the following theorem. 


THEOREM 2.1.6: Let (ei esey lereta be a super 


orthogonal superset of nonzero super vectors in an inner 


product super space V = (V;| ... | V,). If B= (2 | .. | B) bea 
super vector in V, then 


l(Z, | Ge) [? 
[peur 


i 2 
KR W@x, ll 


|(B, lax II 


me Mla, IP 


< (AI 1--TMA IP 
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and equality holds if and only if 


B= (B| | Bd -(peie? aes 


Ty 
K Wx, ll 


KR Wag, Ih 


Next we proceed onto define the notion of super linear 
functional on a super vector space V. 


DEFINITION 2.1.3: Let V = (V; | ... | V,) be a super vector space 
over the field F, a super linear functional f = (f; | ... | f,) from V 
into the scalar field F is also called a super linear functional on 
V. ie. f? V > (F |... | F) where V is a super vector space 
defined over the field F, i.e. f = (f, |... |fp: V= V1 |... | Vio 
(F | ... | F) by 
Scat B= cf(@ + {PD 
i.e. (fi(C1) + By) | «| fnlCn@n + Br) 
= (cifi(Q) + filBy | | Cul On) + IB) 


for all super vector a and B in V where a = (a; | ... | G) and B 


= (Bi |... | Bo 
SL (V, F) = (L(Vi, F) |... |LVn, F). 


(VV, |...|V.)=V> denotes the collection of all super linear 
functionals from the super vector space V = (V; | ... | V,) into (F 
| ... | F) where V;’s are vector spaces defined over the same 
field F. V' =(V, |...|V,) is called the dual super space or 
super dual space of V. 

IfV =(V,\ ... | Vn) is finite (n}, ..., Ny) dimensional over F 
then V’ = VV, [ese'ell V") is also finite (nj, ..., Nn) dimensional 
over F. 

i.e. super dim V’ = super dim V. 
Suppose B = (B;| ... | B= {Qs |.-.|a;'...@) } be a super 
basis for V = (V,| ... | V,) of dimension (nj, ..., n,) then for each 
i, a unique linear function is (a) = 0.5 b= 1,2, 4am 
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In this way we obtain from B a set of distinct linear functional 
Bay, ile | A"... f,) on V. These linear functionals are 
also linearly super independent as each of the set {f;',..., fi3 is 


a linearly independent set for t = 1, 2, ..., n. B’ forms a super 
basis for V' =(V, |...|V,). 


The following theorem is left as an exercise for the reader to 
prove. 


THEOREM 2.1.7: Let V = (V; | ... | V,) be a super vector space 
over the field F and let B = (eg, |.-.|@'...@, } be a super 
basis for V = (V, | ... | V,). Then there exists a unique dual 


super basis B” = 1h teh, Pe] fr aes, Or oY leslie) 
such that f;(a’,) = 6, ,31Si,, j,<n, and for every t = 1, 2,..., n. 


ij, ? 


For each linear super functional f = (f; | ... | f,) on V we 
have 


f = [Seco |... Srcatyte jae fete) 
i=l i,=l 
and for each super vector a = (a, |... | Qn) in V we have 


a= Ss (a,)a; |...) i ft(a,) af i 
ip=l i,=l 


Note: We call f = (f; | ... | f,) to be a super linear functional if 
fV= (Vi|...| Vi) (FI... |[F) 

1e., f,: Vi OF ,..., f,: Vn 2 F. 

This concept of super linear functional leads us to define the 
notion of hyper super spaces. 


Let V=(V,| ... | V,) be super vector space over the field F. f = 
(f; | ... | f,) be a super linear functional from V = (V; | ... | Vi) 
into (F| ... |F). Suppose V = (V, | ... | V,) is finite (nj), ..., Ny) 


dimensional over F. 


132 


Let N= (N;, |...|N;) be the super null space of f = (fi | .-. | 
f,). Then super dimension of 


N, =(dimN,,,...,dimN. ) = (dimV, -1,...,dimV,, -1) 


=(n,—1, ...,M,—1). 
In a super vector space (nj, ..., Ny) a super subspace of super 
dimension (n; —1, ..., NM, — 1) is called a super hyper space or 


hyper super space. 


Is every hyper super space the null super subspace of a super 
linear functional. The answer is yes. 


DEFINITION 2.1.4: Jf V = (V; | ... | V,) be a super vector space 
over the field F and S = (S; | ... | S,) be a super subset of V, the 
super annihilator of S = (S; | .. | S,) is the super set 


S° =(S) |...|S°) of super linear functionals f = (f; | ... | fy) on 
V such that f(a@) = (f(a) | ... | fi(@)) = (0 | ... | 0) for every a 
= (a; | ... | &) in S = (S; | ... | S,). It is easily verified that 
S° =(S) |... S°) is a subspace of V* =(V,"|...|V;), whether S 
= (S| ... | S,) is super subspace of V = (V; | ... | V,) or not. If S 


= (S; | ... | S,) is the super set consisting of the zero super 
vector alone then S° = V' i.e. (S?|...|S8°) =(V,"|...|V5) If S = 
(Si |. |S) =V = Wr | an | VG then S = © | «| 0 of 
VEY pases 


The following theorem and the two corollaries is an easy 
consequence of the definition. 


THEOREM 2.1.8: Let V = (V; | ... | V,) be a finite (nj, ..., My) 
dimensional super vector space over the field F, and let W = 
(W,| ... | W,) be a super subspace of V. 
Then 
super dim W + super dim W° = super dim V. 
ie. (dim W, + dim W,,..., dimW, +dimW,) 


= (nj, ..., Ny). 
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COROLLARY 2.1.2: W = (W; | ... | W,) is a (ky, «5 Ky) 


dimensional super subspace of a (nj, ..., Ny) dimensional super 
vector space V = (V; |...| V,) then W = (W, |... | W,,) is the super 
intersection of (n; — kj, .... 4n— Ky) hyper super spaces in V. 


COROLLARY 2.1.3: Jf W,=(W;'|...|W,") and W, =(W; |...\W,') 
are super subspaces of a finite (nj, ..., N,) dimensional super 
vector space then W, = W, if and only if W° = Wy i.e.W; =W; 
if and only if (W{)° =(W3)° for every t= 1, 2, ..., n. 


Now we proceed onto prove the notion of super double dual or 
double super dual (both mean the same). To consider V the 
super dual of V’. If a = (a | ... | Gn) is a super vector in V =(V, 
| ... | Vn) then a induces a super linear functional 
L, =(L,,|---[Li,) on V" =(V|...|V;) defined by 


L,(f) = (Ly, I-16.) = (fia) |---| fi(tn)) 


where f = (f; | ... | f,) in V’. The fact that L, is linear is just a 
reformulation of the definition of linear operators on V’. 


Licftg) = (Li, (cf, +8)l--ILi, Cf, +8.) 
(cf, +2,)(a,)I---1(c,f, +8,)(0,)) 
((cif,) a, +8, (a, )]-..[(C,f, @, + 8. (2,)) 
= (¢L,,@)+L,, )/---lels, @.)+Le, (8) - 
If V=(V, |... | Vn) is finite (n), ..., ny) dimensional and a = (a; 
|... | Gn) #(O|... | 0) then L, = (Ey |... [L,,.) #@|... | 0), in 
other words there exists a linear super functional f = (fi | ... | fn) 


such that (f\(c:) | ... | £(On)) (0 | ... | 0). 


The following theorem is direct and hence left for the reader to 
prove. 
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THEOREM 2.1.9: Let V = (V; | ... | V,) be a finite (nj, ..., My) 
dimensional super vector space over the field F. For each super 
vector a@ = (a; | ... | Q) in V define 


Lf) =(L,, A |Z A) 


= fi(y) | - | ful On) = fly 
f= Gi | lf EV HV |W): 


The super mapping a > Lz i.e. 
a=(a|...| &) > CE est) 


is then a super isomorphism of V onto V 


In view of the above theorem the following two corollaries are 
direct. 


COROLLARY 2.1.4: Let V = (V; | ... | V,) be a finite (ny, ..., My) 
dimensional super vector space over the field F. If L = (L' | ... 
|\L") is a super linear functional on the dual super space 


V" =(V.|...|V) of V then there is a unique super vector a = 
(a | .. | Q) in V such that Li) = fle); (L'(f)| ..| L'“OG= 
(fi(2i)| ... | fu(G)) for every f= (fi | .. |fy in V°=(V,'|...1F,)- 


COROLLARY 2.1.5: Let V = (V;| ... | V,) be a finite (nj, ..., My) 
dimensional super vector space over the field F. Each super 
basis for V" =(V;"|...|V,) is the super dual for some super 
basis for V. 


THEOREM 2.1.10: Jf S = (S; | ... | S,) is a super subset of a 
finite (nj, ..., N,) dimensional super vector space V = (V; | ... | 
V,) then (S°)? =((S?)°|...|(S°)°) is the super subspace 
spanned by S = (S;| ... | S,). 


Proof: Let W = (W|| ... | Wn) be the super subspace spanned by 
S = (S; |...| Sp). Clearly W° = S° i.e, (Wy |...]W2) = (S)|...|S°). 
Therefore what we have to prove is that 

WwW” = W ie. (W,|...|W,) = (W,?|.... Wo"). 
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We have 
superdim W + super dim W° = super dim V. 


ie. (dim W, + dim W?....,dim W, +dim W°) 
= (dim Vi, ..., dim Vp) 
= (n,, oeey N,). 


i.e. (dim W,’+dim W,”, ..., dim W? +dim W°’) 
super dim W° + super dim W°° 
= super dim V’ = (dimV,,...,dimV, ) 
= (n,, see My). 
Since super dim V = super dim V, we have super dim W = 


super dim W°. Since W is a super subspace of W° we see W = 
Ww? 


Let V =(V | ... | Vn) be a super vector space, a super hyper 
space in V =(V;, |... | Vy) is a maximal proper super subspace 
of V=(V, |... | Vn). 


In view of this we have the following theorem which is left as 
an exercise for the reader to prove. 


THEOREM 2.1.11: [ff = (f; | ... | f,) is a nonzero super linear 
functional on the super vector space V = (V; | ... | Vi), then the 
super null space of f = (fi | ... | f,) is a super hyper space in V. 
Conversely every super hyper subspace in V is the super null 
subspace of a non zero super linear functional on V = (V; | ... | 
V,). 


The following lemma can easily be proved. 
LEMMA 2.1.1: If f = (fi | ... | ff) and g = (g)| ... | &) be linear 


super functionals on the super vector space then g is a scalar 
multiple of f if and only if the super null space of g contains the 


super null space of f that is if and only if f(a) = (f(a) | ... | 
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oe =(0| ... | 0) implies g(@ = (g(a) | ... | n(Q,)) = (0 |... 


We have the following interesting theorem on the super null 
subspaces of super linear functional on V. 


THEOREM 2.1.12: Let g = (g7| ... | Zn); 

fa |i oof HUT AD 
be linear super functionals on a super vector space V = (V; | ... 
| V,,) with respective null super spaces N), ..., N, respectively. 
Then g = (g;| ... | Zy) is a super linear combination of f}, ..., f, if 
and only if N contains the intersection N; 7... ON, i.e., N; = 
(N’ | ... |N") contains (N}A...0N, |...[N{O.-ON?). 


As in case of usual vector spaces in the case of super vector 
spaces also we have the following : 


Let V =(V,| ... | V,) and W = (W, | ... | W,) be two super vector 
spaces defined over the field F. Suppose we have a linear 
transformation T, = (T; | ... | T,) from V into F. Then T, induces 
a linear transformation from W into Vas follows : 


Suppose g = (g,| ... | Z,) is a linear functional on W = (W, | ... | 
W,,) and let f(a) = g(T(a)) for each a = (a; \ ... | &%) Le. 


(fi(@i) |. |fnl Gn) = (S1(T (Ay | ..- | Sn(Tr( Gy) «- I 
for each a= (a,| ... | &) in V = (V_| ... | V,). Then I defines a 
function f = (f; |... | fy) from V = (V_ | ... | V,) into (F | ... |F) 
namely the composition of T;, a super function from V into W 
with g = (g;| ... | Z,) a super function from W = (W, | ... | W,,) 
into (F | ... |F). Since both T, and g are linear fis also linear i.e. 
f is a super linear functional on V. Thus T, = (T; | ... | T,) 


provides us a rule T' =(T/|...|T') which associates with each 
linear functional g = (g; | ... | Zn) on W = (W,| ... | W,) a linear 
functional f =T'g ie. f=(fi |... |f) = (T'g)|...|0 g,) onV 
defined by f(@) = g(Ta) i.e. by; T'=(T}|...|T/) is actually a 


linear transformation from W"=(W, |...|W,) into 
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V*=(V;|...|V,). For if g; and gy are in W" =(W, |...|W.) and 
cis a scalar. 
[T’ (cg, + 8,)1 (@) 

= [I(T @gi+e lal. IT e! +81 @, | 

= (cg,+2,) Ta) 

= [(¢gi + 82) fa)... (87 +23) Fa,)1 

= cg,(7,a@) +g8,(7,@) 

= [(egif, a +2;T,)|...1(¢,81T, @, + 827,21 

= ¢@) 2 )ea+ (T'g,)a@ 

= [(qT'g))a, +(T'g,)a, |... (6, Tae, +(Lig3)a, 1, 
so that T; (cg, + 8,) =cT, g,+T, 8). 


This can be summarized by the following theorem. 


THEOREM 2.1.13: Let V = (V; | .... | V,) and W = (W,| ... | W,) 
be super vector spaces over the field F. For each linear 
transformation T, from V into W _ there is a_ unique 


transformation T' from W’ into V’ such that (T'g)a = g(T, @) 
for every g = (g1 | ... | &,) in W =(W, |...|W,) and a= (a | 
n'a VS Cul x | BD: 

We shall call T' the super transpose of T,. This T' is often 
called super adjoint of T, = (T; | ... | T,,). 


The following theorem is more interesting as it is about the 
associated super matrix. 


THEOREM 2.1.14: Let V = (V; | .... | V,) and W = (W, | ... | W,,) 
be two finite (n;, ..., n,) dimensional super vector spaces over 
the field F. Let 

B= {B,|... | By = fae as Chats Gere eee 


be a super basis for V and B’ ={B,|...\B,} the dual super basis 
and let B' = {B)|...|B’} be an ordered super basis for W i.e. 
B appre. Bi, 3...5 8)... Bi } be a super ordered super basis for 
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W and let B' =(Bi|...|B’) be a dual super basis for B'. Let 


T, = (T; | ... | T,) be a linear transformation from V into W. Let 
A be the super matrix of T, which is a super diagonal matrix 
relative to B and B’; let B be the super diagonal matrix of T! 


relative to B” and B’. Then By = Aj. 


Proof: Let 

B= {or Bs ee 5, a } 

Be" {Gi cB se Py ee Bint 
and Boe (0 ii ae aah 2 
By definition 

Ta; = DAP; : 
i=l 

j=1,2,....n 


T,a,; a (Sa ih Bi, || SA n 


with j = (ji, ---5Jn)3 1 <jeS mp andt = ee ere 1 


T; 8) = [Sa Pan | ae 


with j = (ji, ...,Jm); | Sjp Sn, and p = 1, 2,. 
On the other hand 


(Tg, )(a,) =g,(T,a,) =g; [Sap 


[a (Sa, Bi, | ie. | gi, [Sias, | 
k,=1 


[Sa aes (BL) 2 DAL e (By. ) 


k=l 


1 
(Aji, 


[AG 


For any linear functional f= (f; | ... | f.) on V=(Vi |... | Vn). 
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Fed ni [Seae Seep), 
i=l i,=l 
If we apply this formula to the functional f= T!g j Le. 
(fi |... |) = (gy |---| Tet) 

and use the fact that 

(Ty g,) (a;)=(T gi, @,) |---| Ts 83, (2) 
= (Aji, | a | Aas 
we have 


4 
as 
i 


Ty, Dy 

1 1 n nil. 

B= | DAWA | LQG, 8 fs 
i,=l 


ij=l 
from which it immediately follows that Bij = Aj ; by default of 
notation we have 


Bi, 0 0 
1 n 0 Bi, 0 
B, = (B;,, | -- |B, = 
of o | [Bi 
AS 0 0 
0 ins 0 
0 0 Aji. 


We just denote how the transpose of a super diagonal matrix 
looks like 


Bae. 0 0 
OF Arcs 0 
A= ae 
0 0 Ae 
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Now A‘ the transpose of the super diagonal matrix A is 
Leen 0 0 


0 AC 0 


n)xm3 


0 0 At 


n,xm, 


where A is a (mj + m +... + m,) xX (n; + ... + ny) Super 
diagonal matrix whereas A‘ is a(n, +... + ny) x (m; +... +m,); 
super diagonal matrix. 


We illustrate by an example. 


Example 2.1.2: Let A be a super diagonal matrix, i.e. 


3 1 0 2 
105 0 0 0 0 
0101 
3.4 5 
0 0 0 
1 3 1 
1 
ae 0 0 -l 0 
5 
101 2 0 
202 1 1 
0 0 0 
3 5 10 0 
4 10 3 6 


The transpose of A is again a super diagonal matrix given by 
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3 10 
101 
0 0 0 
05 0 
201 
3 1 
0 A 3 0 0 
sy Si 
7 8 6 2 
0 0 0 
Le: 35 
123 4 
005 1 
0 0 0 1210 
2 10 3 
010 6 


Now we proceed onto define the notion of super forms on super 
inner product spaces. 


Let T, = (T) | ... | T,) be a linear operator on a finite (nj, ..., Ny) 
dimensional super inner product space V = (V | ... | Vn) the 
super function f = (f; | ... | fn) is defined on V x V =(V x V; | 
... | Va X Va) by 


f(a, B) = (Ts o | B) 
= (Tie | Bi) | --- | Tan | Bn)) 


may be regarded as a kind of substitute for T,. Many properties 


about T, is equivalent to properties concerning f = (f | ... | fh). 
In fact we say f= (f| | ... | f,) determines T, =(T, |... | T,,). If 
B=(B) |... |B) = { ses ony pee (Ot sae, \ 


is an orthonormal super basis for V then the entries of the super 
diagonal matrix of T, in B are given by 
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Aix, 0 
0 3 0 
Ky 
Ai, = 
0 0 Aj. 


Now we proceed onto define the sesqui linear superform. 


DEFINITION 2.1.5: A (sesqui-linear) super form on a real or 
complex supervector space V = (V;| ... | V,) is a superfunction 
fonVxV=(V,xV;| ... | Vi x V,) with values in the field of 
scalars such that 


i f(catBy=faynrtfhy 
1.é., (fi(c1Q1 oc Bh VY) | wee | fr(CnQ&n + By» V)) 
= (efi(ay YW) + filBr Y)\ | CnfnlCan J) + tu Bu td) 


ii, f(a,cBt+y)=Cf (a,B)+ flay); 


forall a= (a|...| G@), B=(Bi\ |B) and y= ("| .. | AW 
inV=(V,|...|V,) andc=(c; |... | C,), withe; € F; 1 Si Sn. 


Thus a sesqui linear superform is a super function f on V x V 
such that in f(a, B) = (fila, By) |. | filQn B,)) is a linear 
super function of a for fixed B and a conjugate linear super 
function of B = (2; | ... | B,) for fixed a = (a; | ... | Q&). In real 
case f(a, B) is linear as a super function of each argument in 
other words f is a bilinear superform. In the complex case the 
sesqui linear super form f is not bilinear unless f = (0 | ... | 0). 
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THEOREM 2.1.15: Let V = (V;| ... | V,) be a finite (nj, ..., My) 
dimensional inner product super vector space and f = (f; | ... | 
fi) a super form on V. Then there is a unique linear operator T, 
on V such that f(a, B) = (T,a| £) for alla, Bin V; a= (a | ... | 
a,) and B= (BP, |... | Bd. fi(@n By) | | In(Q» Bo) = (Trae | 
By) |. | InQn | BY); for all a, Bin V, the super map f > T, 
(i.e. f; >T; for i = 1, 2, ..., n) is super isomorphism of the super 
space of superforms onto SL (V, V). 


Proof: Fix a super vector B =(B, |... | By) in V. 
Then 
a —> f(a, B) ie., a, > f(a), B1), ..., On > fi(on, Bn») 


is a linear super function on V. By earlier results there is a 
unique super vector B’ = (B; Bi )in V=(V, |... | Va) such 


that f(a, B) = (a | B') 


1.€., (f,(a1, B1) | eee | fr(On, Bn)) = ((a, |B) 


...| (2,84) 


for every B =(B, |... | Bx) in V. We define a function U, from V 
into V by setting 


U,B = B' ie. (U,B, |... |U,B,) = | --- | BL). 
Then 
f(a, cB + y) =(a|U (cB + y)) 
= (f1(0), CiBi + 1) |---| fr(Ons CnBn + Yn) 
= (a1 | Ui (C1Bi + 1) | --- | (Gn | Un (CnBa + Yn) 
= ¢ f(a, B) + fla, y) 
= (¢f,(a,,B,)|..- |G£, (0,8, )) + (f(a, 171) |---| fC. %0)) 


= (c,f,(@,,B,)+ f, (a,,7,) 
= ¢(a| UB) +(a| U,y) 
= (ca, |U, B,)+(a, | U,7,) les (ca, |U,B,) +(@, |U,7,)) 


= (Ca) | cUiBi + Uiyi) |... | (Gn | CoUnBu + UnYn) 
= (a | cUB + Uy) 


wo [+ (Cf, ly By) +f, (Cys ta) 
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for all a= (1 |... | On), B= (Bi |---| Ba), Y= i] --- | Yn) in V = 
(V, |... | Wn) and for all scalars c = (c; | ... | cy). Thus U, is a 


linear operator on V=(V, |... | V,) and T, = U, is an operator 
such that 


| f(a, B) = (To. |B) 
1.€., 
(Fy(ots | Ba) |---| fa(ctn | Bx) = (Troe: | Br) | -- | (Toon | Bad): 


for all a and B in V. 
If we also have 


| f(a,B) = (To |B) 
1.€., 
(Fi(otr |B) |---| faCotn | Ba)) = (Prot | Br) |... | Pacts | Bs). 


Then 
(T,a—-T'a|B) = (O]...| 0) 
i.e., 
(Tia — To; | Bi) |... | PnOn — Tn | Bn)) 
= (0|...| 0) 


a=(a,|... | On), B = (Bi |... | Ba) So Toa = T',o for all a = (a, | 


... | Qy). Thus for each superform f = (f; | ... | f,) there is a 
unique linear operator T,- such that 


fa, B) = (Ta B) 


(fi(o | Bi) |... | fiCOn | Bn)) 
= (Ty, 41 1B) | e+ | Tar, On 1B) 


1.€., 


for all a, Bin V. 


If f and g are superforms and c a scalar f= (f; | ... | f,) and g 
=(g) |... | gn) then 
(cf+ g)(a,B) =  (Tsctgo | B) 
1.€., 


((cifi + 81) (1, Bi) | --- | (Cafn + Bn) (ln, Bn)) 
= (Tye 42, % |B,) | sists | (Ti pate. i, | B,) 
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= (cif; (Qi, Bi) + gi(Q1, Bi) |... | Cnfn (On, Ba) + Zn(On, Bn)) 
= ((¢, Ty, |B.) + (Tye, 1B) |---|(CaT as, On [Ba )+ (Mae, &n |Ba )) 


= (Ty, +Tig,) 4 1B,) | --- | aTae, + Tag, ) % 1B.)) 
= (Tse + Teg) & | B) 


for all a = (a, | ... | &,) and B = (8, |... | By) in V =(V; | ... | 
V,,). Therefore 
Tocttg = CT sr at T sg, 
so f > Tyr Le., 
f= (f|...|£) > (Ty | ..- 


Tae. ) 
is a linear super map. For each T, in SL(V,V) the equation 


f(a, B) = (Ts a | B) 
(fi(o1, Bi) |---| fr€Ons Bn)) = (Tie | Bi) | --- | Tan | Bn))s 


defines a superform such that T,; = T, and Ts¢= (0 | ... |0) if and 
only if 
f=(f,|...|f,)=(@]|... |0) 
(Tifi| ... | Taf) = (Ti | ... | Ta). 


Thus f > Ts¢ is a super isomorphism. 


COROLLARY 2.1.6: The super equation 


fig) = (fil g)|--| On| SW) 

ST) Gels) | Ge ee 
defines a super inner product on the super space of forms with 
the property that 


(129 =| gy |---| Gal Sd) 
= [5 fea (0%, 507,) | | DS(G, +, EG) 


dik 
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1 
nm 


for every orthonormal superbasis {ay 1 
of V=(V;| ... | Vi). 


we | @ ee a | 


The proof is direct and is left as an exercise for reader. 


DEFINITION 2.1.6: Jf f= (f; | ... | ff) is a super form and B = 
(B;|...| By) = (@... Q, tas | a... @,) an ordered super basis 
of V=(V,| ... | V,); the super diagonal matrix with entries 
Ag. «= GA |g /hae ) 
(A@,»%;,) |---| AGE. @&)) 
= f(a, a) 


is called the super diagonal matrix of f in the ordered super 
basis B, 


Ain 0 0 
0 | 4; 0 
Jak, 
Ai, = 
0 0 Ay. he 


THEOREM 2.1.16: Let f= (f; | ... | f,) be a superform on a finite 
(nj, ..., Ny) dimensional complex super inner product space V = 
(V; | .... | V,) in which the super diagonal matrix of f is super 
upper triangular. We say a super form f = (f; | ... | f,) on a real 
or complex super vector space V = (V;| ... | V,) is called super 


Hermitian if f(a,P) = f(8,@) ie. 


(f(@,4,) | ead | SAG.) = (f,(4.%) | | fi, Bre On)) 


for all a = (at | ... | Q) and B= (B; | ... | B) inV= (Vi |... | 
V,). 
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The following theorem is direct and hence is left for the reader 
to prove. 


THEOREM 2.1.17: Let V = (V; | ... | V,) be a complex super 
vector space and f = (f; | ... | f,) a superform on V such that f(a, 


®) = (filai, a) | ... | fr(Qy O)) is real for every a= (a; | ... | 
a,) in V. Then f = (fi | ... | fi) is a Hermitian superform. 


The following corollary which is a direct consequence of the 
earlier results is stated without proof. 


COROLLARY 2.1.7: Let T, = (T; | ... | T,,) be a linear operator 
on a complex finite (nj, ..., N,) dimensional super inner product 
super vector space V = (V; | ... | V,). Then T, is super self 
adjoint if and only if T,(a | @ = ((T; a | a) |... | (Th Qn | G)) 
is real for every a= (a;| ... | G) inV=(V_| ... | Vi). 


However we give sketch of the proof analogous to principal axis 
theorem for super inner product super spaces. 


THEOREM 2.1.18 (PRINCIPAL AXIS THEOREM): For every 


Hermitian super form f = (f; | ... | f,) on a finite (n), ..., My) 
dimensional super inner product space V = (V;| ... | V,) there is 
an orthonormal super basis of V for which f = (f; | ... | fi) is 


represented by a super diagonal matrix where each component 
matrix is also diagonal with real entries. 


Proof: Let T, =(T, |... | T;) be a linear operator such that f(a, 
B)=(T; a | 8) for all o and B in V 
1.e. 


(fi(o1, Bi) |---| fr(Ons Bn)) = (Tie | Bi) | «++ | TPnotn | Bn))- 


Then since f(a,B) = f(B,a@) ie. 
(fi(ou, Br) | --- | fron, Bn) = (£,B,.44,)| --- | (£8, )) 


and 


(TB | a) = (a |TSB) 


1.e. 
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((TB, | a) | ths | (7,8, |a.,)) = ((a1 | T1B1) | eRe | (On | TBn)); 


it follows that 


(T.o | B) = f(B,a) = (a|T.B); Le., 
((Ti04 | Bi) | --- | (Tnetn | Bn) = 
(£,(B,,0,) | --- | £,(B,50,)) = 
((a1 | T1B1) | --- | (@n | TaBn)); 


for all a and B; hence T, = T. 


ie. (T, |... | T,)= (1 ]...|T)). Thus T,=T, for every i 
implies a orthonormal basis for each Vj; 1 = 1, 2, ..., n; hence an 
orthonormal superbasis for V = (V, | ... | Va) which consist of 
characteristic super vectors for T, = (T, | ... | Ty). Suppose 
{ a} feel | seed |UOeg co a | 

is an orthonormal super basis and that 

T30,j = COQ; 
i.e. 

(Tay, |...| Troy) = (cj,05; |---|} af ) 


for 1 <j,<ngt=1,2,...,n. 
Then 


flax, 0) = (F,(ay,50,) |---| £, (ag ,a)) 
= (T,o% | a) = (Tay, |o;)|...| Mag, |aj)) 
By i,Ck,) > 


= = 1 1 
= 850. = 62,6, 


Now we proceed onto define the notion of positive superforms. 


DEFINITION 2.1.7: A superform f = (f; | ... | fi) on a real or 
complex super vector space V = (V; | ... | V,) is supernon- 
negative if it is super Hermitian and f(a, a) = (0| ... | 0) for 
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every ain V; i.e. (f(a), A) |... | filly G)) = (0|... | Die. 
each f(a, a) 20 for every j = 1, 2, ..., n. The form is super 
positive if f is super Hermitian and f(a, @ > (0| ... | 0) ie. 
(fila, a) |... | fil@n G)) > (0 |... | Die. f(a, a) > 0 for 
every j =1, 2, ..., N. 

The super Hermitian form f is quasi super positive or 
equivalently quasi super non negative (both mean one and the 
same) if in f(a, @ = (f(a, Ai) |... | fil» &)) some fi(a;, a) > 


0 and some f(a, G) 20; i #j; 1 Sin. 


All properties related with usual non negative and positive 
Hermitian form can be appropriately extended in case of 
Hermitian superform. 


THEOREM 2.1.19: Let F be the field of real numbers or the field 
of complex numbers. Let A be a super diagonal matrix of the 
form 


A 0 
0 0 
AS 
0 A, 
be a(n; XN}, ..., My X Ny) matrix over F. The super function g = 


(g1 | ... | Zn) defined by g(X, Y) = Y AX is a positive superform 
le | F””") if and only if there exists 


an invertible super diagonal matrix 


on the super space (F 


Each P; is an; xn; matrix i = 1, 2, ..., n with entries from F 
such thatA =P P, i.e., 
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A 
0 
A= 
0 
PP 0 0 
| OEP 0 
0 0 a se 2 
DEFINITION 2.1.8: Let 
A, | 0 0 
0 0 
As A, 
0/0 A, 


be a superdiagonal matrix with each A; an; x n; matrix over the 
field F; i =I, 2, ..., n. The principal super minor of A or super 
principal minors of A (both mean the same) are scalars 


A,(A) - (A, (A) ore |A;. (A,)) 
defined by 
ee Ay 7 0 
A aA 
Ani Ay 
A,(A) = superdet 0 ; 0 
Ay Ary 
Art Ay 
0 0 : 
Ap. Ape 
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for 1 Sk, <n,andt = 1, 2, ..., n. 


Several other interesting properties can also be derived for these 
superdiagonal matrices. 


We give the following interesting theorem and the proof is left 
for the reader. 


THEOREM 2.1.20: Let f= (fi | ... | f,) be a superform on a finite 
(Nj, ..., Ny) dimensional supervector space V = (V;| ... | V;) and 
let A be a super diagonal matrix of f in an ordered superbasis B 
= (B,| ... | B,). Then f is a positive superform if and only if A = 
A* and the principal super minor of A are all positive. 

i.e. 


A, | 0 0 
ye 0 | A, 0 
0 | 0 A, 
A, | 0 0 
_ | 0 4, 0 
0| 0 A 
Note: The principal minor of (A; | ... | An) 1s called as the 
principal superminors of A or with default of notation the 
principal minors of {Aj, ..., An} is called the principal super 
minors of A. 
T, = (T, | ... | T,) a linear operator on a finite (n;, ..., ny) 
dimensional super inner product space V = (V, | ... | Vn) is said 


to be super non-negative if T, = T, 
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Gita 


wee Tad 


Le. T, = T, fori= 1,2,...,nand 

(T, a | a) =((T; a | 1) |... | (Tn On | On) = (O] ... |0) 
for all a =(o |... | Qa) in V. 
A super positive linear operator is one such that T, = T, and 


(Ta | a) =((Ti 1 | oi) |... | (Tn On | On) > (0 |... 0) 
for alla =(a, |... | On) #(0| ... |0). 


Several properties enjoyed by positive operators and non 
negative operators will also be enjoyed by the super positive 
operators and super non negative operators on super vector 
spaces, with pertinent and appropriate modification. 
Throughout the related matrix for these super operators T, will 
always be a super diagonal matrix A of the form 


where each A; is a n; X n; Square matrix, 1 <i<n, A= A’ and 
the principal minors of each A; are positive; 1 <i<n. 


Now we just mention one more property about the super forms. 


THEOREM 2.1.21: Let f= (f; | ... | f,) be a super form on a real 
or complex super vector space V = (V; | ... | V,) and 


1 1 . . 5 - 
{ay eo CL ||| Ses | an sen } a super basis for the finite dimensional 


super subvector space W = (W,| ... | W,) of V= (Vi | ... | Vi). 
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Let M be the super square diagonal matrix where each M; in M; 
is a r; X 41; Super matrix with entries (1 < i < ny). 
My = F(G, @), ie. 


f'(@,.;,) 0 0 
| 0 Gee 0 
0 0 PE (G50. 


and W' = (W!|...|W,) be the set of all super vectors B = (3; | 
.. | By of Vand W)W'=(W, NW! |...|V,0W) =(0| ... | 
0) if and only if 


is invertible. When this is the case, V=W+ W'i.e.V=(V,| ... 
[Pd Be || cess (We): 


The proof can be obtained as a matter of routine. 
The projection E, = (E; | ... | E,) constructed in the proof may 
be characterized as follows. 


EB = a; 
(E:B; | ... | EnBn) = (|... | On) 
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is in W and B — a belongs W'= (W, | ... | W, ). Thus E, is 
independent of the super basis of W = (W, | ... | W,) that was 
used in this construction. Hence we may refer to E, as the super 
projection of V on W that is determined by the direct sum 
decomposition. 


V=WOeW'; 
(Vil ...1Va)= (W, OW, |... |W, @W, ). 


Note that E, is a super orthogonal projection if and only if W' = 
W= (W,| as |W) . Now we proceed onto develop the 


analogous of spectral theorem which we call as super spectral 
theorem. 


THEOREM 2.1.22 (SUPER SPECTRAL THEOREM): Let T, = (T; 
| ... | Z,) be a super normal operator on a finite (n; | ... | 1) 
dimensional complex super inner product super space V = (V; | 
| V,) or a_ self-adjoint super operator on a_ finite 
super dimensional real inner product super space V = (V; | ... | 
V,). 
Let {(¢h, res lee 


super values of T, = (T; | ... | T,). 
Let W, = (W; | Se \W;) be the characteristic super space 


Grin. &) \ be the distinct characteristic 


associated with Ge of Ei the orthogonal super projection of V 
=(V;|..|V,) on W,=(W;| ... |W;). 

Then W; is super orthogonal to W, = (W; | ae Ae) when i; 
#j,t=1, 2, ..,n; V=(V,| ... | V,) is the super direct sum of 
Wi, ..., W, and 

TaGk tte, Bsc: |i By ence Ef) 

= (T,| ... | T,) I 


This super decomposition I is called the spectral super 
resolution of T, = (T; | ... | T,). 
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Several interesting results can be derived in this direction. 


The following result which is mentioned below would be useful 
in solving practical problems. 


Let E, = (E' | ... | E") be a super orthogonal projection where 
each E' = By ep ods 2, yest 
iB 


then Ei =e; (T,) for 1 <j, <k,andt=1,2,...,n 
(Gueb ays EE) 


are canonically super associated with T, and 


LS) sx 


= (Eee Ele) (EPA EEE) 
the family of super projections AS sel EhceBy | is called 
the super resolution of the super identity defined by T;. 


Thus we have the following interesting definition about 
super diagonalizable normal operators. 


DEFINITION 2.1.9: Let T, = (T; | ... | T,) be a super 
diagonalizable normal operator on a finite (n;, ..., My) 
dimensional inner product super space and 


k, 
T,= (1) |.. | Ty) = [34 Ej [See | 
in=l 
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its super spectral resolution. Suppose f = (fi | ... | f,) is a super 
function whose super domain includes the super spectrum of T, 
= (T,| ... | T,) that has values in the field of scalars F. Then the 


linear operator f(T.) = (fi(T)) | ... | fi(T)) is defined by the 
equation 
k, k, 
fa) = [Hace ~ | Sacepe: } 
j=l Jn=l 


Based on this property we have the following interesting 
theorem. 


THEOREM 2.1.23: Let T, = (T; | ... | T,) be a super 
diagonalizable normal operator with super spectrum S = (S; | 
... | S,) on a finite (nj, ..., Ny) dimensional super inner product 
super vector space V = (V;| ... | V,). Suppose f = (f; | ... | fi) is 
a function whose super domain contains S that has super values 
in the field of scalars. Then f(T) = (f(T) | ... | f,(T,,)) is a super 
diagonalizable normal operator with super spectrum 


FS) = FS) | --- |fnlSr))- 


U, = (U; | ... | Un) 
is a unitary super map of V onto 


If 


VSG acl pand FSU TU. 
0) Sal SU EG ee OU 2 
then 
S= (S;| ... | Si) 


is the super spectrum of 
T= (0 


1m) 

and 
fT)=AO)| | LOD) 
SUA) Uys | Ca Ges 
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Proof: The normality of f(T) = (fi(T,) | ... | fa(Tn)) follows by a 
simple computation from 


f(T) = [See | e618; | 
and the fact that " re 
f(T)" = (f(T) | -.- | f(T) ) 
- (Sap el] TECDe: } 
i is 


Moreover it is clear that for every a‘ = (a; |... | a) )in EW): 
t=1,2,...,n; 
f(Ta' = £,(c;) a’. 

Thus the superset f(S) = (f;(S;) | ... | fi(S,)) for all f(c) = (fi(¢1) | 
... | fi(Cn)) in S = (S; |... | S,) is contained in the superspectrum 
of £(S) = (f,(T)) | ... | fa(T,)). Conversely suppose a = (a' | ... | 
a") #(0|... | 0) and that f(T)a =b a 
1.¢. 

(f(T Ja! |... | fo(Tn)o2”) = (B10; |... | Dada). 
Then 


a= [Ee | ee mere 
Ji Jn 


and a = (f,(T;)a' | ... | £(T,)a") 


= Eacpee ee ete 
Ji Jn 
= Eaeee! coll) DEG vet 
jt Jn 
~ [Doe [aera Dp.ete 
jh Jn 
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Hence 
2. 


DE (e, )— bE, 


2 


| DEC, )- bE, a’ | |...| 


DE (cj, )—b, JEL” 
Jn 


i 
2 
f,(c; )—b,|} |E; o 


Saicitiel-dieesiaal 
a Jn 


pe 


=(0]...| 0). 


Therefore 


fle) = (FC, )}- 


f, (ci) = (bi |... | Bn) 
or 
Eja = (0 |... |0) 
1625 

(Ejor kes E; a") =O |;.4: |). 
By assumption a = (a; | ... | On) # (0 | ... | 0) so there exists 
indices i = (ij, ..., in) Such that Ej = (E,,a! bees E;a") #(0|... | 
0). It follows that f(c;) = (f,(c; )f.. f,(c; )) = (bi |... | bn) and 
hence that f(S) = (f,(S,) | ... | f,(S,)) is the super spectrum of 
f(T) = (f\(T;) | ... | f(Tn)). In fact that f(S) = (f\(S,) | ... | fa(Sn)) 
= {b)...b},...,b,...b&} where bi, # bi when m, # n, for t= 1, 
2, ..., 0. Let Xm = (X,, ey X,,,) indices i = (ij, ..., in) such 
that 1 <i,<kjt=1,2,...,n and 


fc)=(F,(;,)].-- 


f,(c;,)) = (bi, 


Bi) 


Let 


P= [Eel jet }=e leas 


Poa 
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the super sum being extended over the indices i = (i), ..., in) in 


Xm = (X,,|--.|X,,,)- Then P,, = (Pi, |-..| Ps.) is the super 
orthogonal projection of V = (V; | ... | Va) on the super 
subspace of characteristic super vectors belonging to the 
characteristic super values b,, = (b,, | oe | bs.) of f(T) = (f1(T1) 
|... | f,(T,)) and 


f(T) = [Som Pee x be rs 
m,=1 


m,=! 


is the super spectral resolution (or spectral super resolution) of 
f(T) = (f:(T1) | .-- | fx(Tn)). 


Now suppose Us = (U, | ... | U,) is unitary transformation of V 
=(V,|...| Vn) onto V’ =(V/ V‘) and that 


TSU TU ee | ey ae WO) 
Then the equation 
T,a = co; (T1041 |... | Tan) = (C101 |... | CnOn) 


holds good if and only if T,'U,a = cU,@ Le. 

(T'Ujo | ae | T,'UnOn) 7 (c,U;o, | “is | Cy,U, On). 
Thus S = (S; | ... | S,) is the super spectrum of T,' and U, maps 
each characteristic super subspace for T, onto the corresponding 


super subspace for T,’. 
In fact 


f(T) => t(c,)E, 
i.e. : 
(f(T1) | -.. | f(T) (See) Ey] | Stet 8 


where 
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k, 
f(T) = DEC E, 
j=l 


fori=1,2,...,n. 


We see that 
T, =(Ti'|... | Tr’) 
Ji Jn 
’ ’ m -l n -l 
E; =; | +: Ef) =(U,BU; | «| U, E07) 
is the super spectral resolution of T,' = (T,'| ... | T,’). 
Hence 
f(T’) = (f(T! ) | 38 f,(T,)) 


- [Exepeil  Esepe, | 
hi de 
= [Exepueu: le Este UE, 
ii Jn 
= [uate eur oa jefe ELL, 
ji di 


= US fejEU suru 
J 


The following corollary is direct and is left as an exercise for 
the reader to prove. 


COROLLARY 2.1.8: With the assumption of the theorem just 
proved suppose T, = (T; | ... | T,) is represented by the super 
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basis B = (B; | .. | Br) = {ay ...@ 


superdiagonal matrix 


D,| 0 0 
0 [D, 0 
De= 
0] 0 fey 


with entries (d, ...d\ 3...) ... d). Then in the superbasis B, 


moet 


SD = G(T) | ... | fi(L)) is represented by the super diagonal 


matrix f(D) = (Dy) | .. | f,@D,)) with — entries 
(AG)... AG) AG) --5G,)). £B' = Br | .. | Bid 
= { By ai yi a | Vs Maree Br} is another ordered superbasis 
and P' = (P;'| ... | Py’) the super diagonal matrix such that 

Bi, = 2 Pi, 


te Gh LAD = [Lavell ~ Laver] 


then 
PDP SR ye aleve: ft B 


is the super diagonal matrix of (f)(T1) | ... | fi(T,)) in the super 
basis B' = (B,'| ... | B,’). 


Thus this enables one to understand that certain super 
functions of a normal super diagonal matrix. Suppose 
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is the normal super diagonal matrix. Then there is an invertible 
super diagonal matrix 


P|0 0 
0/82, 0 
P= 
0 | 0 F, 
in fact superunitary P = (P, | ... | P,) described above as a 


superdiagonal matrix such that 


PAP = (RAPE | ow. || RAYP) 
PAP, 0 
0 0 
P.A,P. 


is a super diagonal matrix i.e. each PAP! is a diagonal matrix 
say D=(D,|... | Dn) with entries rerid, aes draped 


Let f = (f; | ... | f,) be a complex valued superfunction 
which can be applied to id rpevly See, d?...d) and let f(D) = 
(f\(D:) | ... | fx(Dn)) be the superdiagonal matrix with entries 


£GVGEG: ia G iG"), 


Then 
Pi(D) P= (2 “f(D || Pe" (DP) 
is independent of D = (D, | ... | D,) and just a super function of 
A in the following ways. 
If 
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is another super invertible super diagonal matrix such that 


Q,A,Q;' 0 0 
,A,Q;" 0 
QAQ’ = a 
0 0 Q,A,Q, 


is a superdiagonal matrix 


Di | 0 0 
, 0 D, , , 
D = SS (D; oe |D‘) 
0) 0 Di 
then f= (f; | ... | f.) may be applied to the super diagonal entries 


of D'=P™' f(D) P=Q" f(D’) Q under these conditions 


f,(A,) 0 0 
f(A) = f,(A,) 0 
al ie em 
is defined as 
P.'f,(D,)P, 0 
PaRDyP = P;'f,(D, )P, 0 
0 0 Pf, (D,)P, 
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The superdiagonal matrix 


f,(A,) 0 0 
f(A 
ae A) 
0 0 f.(A,) 


= (fi(A1) |... | fr(An)) 
may also be characterized in a different way. 


THEOREM 2.1.24: Let 


° D 1 1 n 
be a normal superdiagonal matrix and fe} cass gti] <aey 


the distinct complex super root of the super 
det (xI — A) = (det (xI, — 4.) | ss | det (xJ, — A,)) . 


Let 
oh pues sco Lec, 
ei — (, |e?) ~~ m3 —cl Jim ( —c" } 
and 
E,=(E, |... | Ei) = (A) = (A) - |e (4); 
1< i; Sk, 
then 


GORE ADD ag We BTS (E, y =E,, E, = E; and 
La, |e SE, a ee; |e | Ey ee Bs 
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If f = ff | .. | fy is a complex valued super function whose 
super domain includes (c; ... e Ci... C, ) then 


HA) = F(Ay |» |fr(An) = fc Er + «.. + few) Ex 
= (Ae Ei + + A(C,) Ee, | |i ET +--+ AC) EG) 


In particular 
A= C/E] a eee CEE 1.€., (A; | ey |A,,) 


lpl 1 1 
=(q 2, +...+c¢,E, 


n n n n 
ck +...+¢ E, ). 


We just recall that an operator T, = (T; | ... | Tn) on an inner 
product superspace V is super nonnegative if T, is self adjoint 
and (T; a | a) > (0|... |0) ie. 

((Tio; | 01) |... | Pan | On) 2 (0 |... |0) 
for every a = (a, |... | Gn) in V=(V, |... | Vn). 


We just give a theorem for the reader to prove. 


THEOREM 2.1.25: Let T, = (T; | .. | T,) be a 
superdiagonalizable normal operator on a finite (nj, ..., My) 
dimensional super inner product super vector space V = (V, | ... 
| V,). Then T, = (T; | ... | T,) is self adjoint super non negative 
or unitary according as each super characteristic value of T, is 
real super non negative or of absolute value (1, 1, ..., 1). 


Proof: Suppose T; = (T; | ... | T,) has super spectral resolution, 


T, = (T, | tee | T,) = (c\E} antec. Ba, 
then 


n n n n 
crE} +... +c, Ey ) 


iu = (T; at ) 


_ (n'pl zl pl aznpn zn pn 
= (GE) +...+@, EF | GG By sist GE). 


To say T, = (T, | ... | Tn) is super self adjoint is to say T, = T. 
or 
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(oh - GET +...+ (cf, - GER) 


=((¢ - GE, +...+(c, -G JE, |... 
=(0]... |0). 


Using the fact Ei Ej, =0, ifi,# jy t= 1, 2, ..., nj and the fact 
that no Ey is a zero operator, we see that T, is super self adjoint 
if and if only Ci = CG, ;t=1, 2, ..., n; To distinguish the normal 


operators which are non negative let us look at 


(Ts o& or) = (Tits | 1) |... | (PnOtn | On)) 


k, 
Sere.) 
i=l 


= Ly yc (Ej, |E; 0) | | 2» ye, (Ej a, a) 
hod Ino In 
| 


(E,a, | E; @,) = 0) if i, Fj l< lt, jt <k 


ky, ky k, 

= lpl 1 npn 
yee Ei, DEO [ese Dj Ei, On 
j=l i=l Jn=l 


2 

a 1 1 n n 

[Ee JE; a,| |---| UF Ei oO, 
at Jn 


We have made use of the simple fact 


and t = 1,2,...,n. From this it is clear that the condition 


(Teo | &) = (Tier | 01) |---| (Tren | On) = (0... 10) 


is satisfied if and only if Ci, > 0 for each jy 1 <j, Sk, andt=1, 


2, ...,n. To distinguish the unitary operators observe that 


* 7 1 ipl lig nyvnpa no" BR? 
T,T, =(cic(E, +...+¢,,¢,, E |... |efe ty +...+c¢ cf Ey ) 
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= 1/2 1 1 2 1 n|2 n n 2 n 
E E E E 
= (Jc)} E,+...+ |e, gles lle it... + ley | Ey). 


If 


is De Fa ea Ca) aa DD TT) 


then 
(I, |...| In) =(|c} P Er Paatley Ey, eral (|c; i lee are +|cy [Ey )) 


and operative with 


t t _|.t 2pt. 
E\.E,=le,) Bj; 
1 <j < k and t = 1, 2, ..., n. Since E;, #0 we have 


2 
t 
c 


that 


= lor |c. |=1 . Conversely if lc [ =1 for each j; it is clear 


t 
4) 


Tr S(Ls| ny aCe TT. ys 


If T, = (T, | ... | Ty) is a general linear operator on the 
supervector space V = (V; | ... | Vn) which has real 
characteristic super values it does not follow that T, is super self 
adjoint. The theorem of course states that if T, has real 
characteristic super values and if T, is super diagonalizable and 
normal then T, is super self adjoint. We have yet another 
interesting theorem. 


THEOREM 2.1.26: Let V = (V; | ... | V,) be a finite (nj, ..., My) 
dimensional inner product super space and T, a super non 
negative operator on V. Then T, = (T; | ... | T,) has a unique 
super non negative square root, that is; there is one and only 
one non negative super operator N, = (N; | ... | N,) on V such 


that Ni = Tie, (Ny |...|Nj)= (1... | Ty. 


Proof: Let T,=(T, |... | Tn) 

=(c\ Ei +...+ cE, |... | cfE? +... 4 cy Ey ) 
be the super spectral resolution of T,. By the earlier results each 
Ci >0;1 <j, <k, and t= 1, 2, ..., n. If c' is any non negative 


168 


real number t = 1, 2, ..., n let Vet denote the non negative 
square root of c. So if c = (c), ..., Cn) then the super square root 
or square super root of c is equal to, Vc = Cerio’ . Then 


according to earlier result N, = a ie. is a well defined super 
diagonalizable normal operator on V i.e. Ns = (Ni | ... | Na) 
nay = (JT, | see | /T,) is a well defined super diagonalizable 
normal operator on V = (V, | ... | V,). It is super non negative 
and by an obvious computation NZ = T, ie. (Ni|.../N5) =(T 
[ete Bas 

Let P, =(P; | ... | Py) be a non negative operator V such that 
P? =T, ie. (P, | ... | P?) = (T, | ... | Tn); we shall prove that P, 
=N,. Let 

P,=(iR+...4+d.F |... |d7R'+...+ d2F") 

be the super spectral resolution of P,; = (P; | ... | Pa). Then 
di >0 for 1 <j, < ky t = 1, 2, ..., n each j, since P, is non 


negative. 
From P? = T, we have T,=(T;| ... | Tn) 


=(d) Bl+...4d! Fl... [dP Bo +... +d" B®). 


Now (F, ... Es ...) R... F") satisfy the condition 
Gl SR Lek sz.) aa) 
FF, =0;1l<t<rjt=1,2,...,n for i,#j, and no F =0. The 


Pr cr 2 2 a * is fe 
numbers d,...d,,...,d} ...d? are distinct because distinct 


non negative numbers have distinct squares. By the uniquiness 
of the super spectral resolution of T, we must have r; = k, t = 1, 


2 
2, ..., 0. FE =E/(d:) = Ci, >t=1,2,...,n. Thus P, =N,. 


THEOREM 2.1.27: Let V = (V; | ... | V,) be a finite (nj, ..., My) 
dimensional super inner product supervector space and let T, = 
(T; | ... | T,) be any linear operator on V. Then there exists a 
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unitary operator U, = (U; | ... | U,) on V and a super non 
negative operator N, = (N | ... | N,) on V such that 


RP, SUN SCT esl FICO ae GANG. 


The non-negative operators N, is unique. If T, = (T;| ... | T,) is 
invertible, the operator U, is also unique. 


Proof: Suppose we have T, = U;Ns where U, is unitary and N, is 
super non negative. Then T. = (U,N,) =N, U, =N,U,. Thus 
T.T, =N,U,U, N,=N?. This shows that N, is uniquely 
determined as the super non negative square root of T, T,. If T, 
is invertible then so is N; because. 


(N, «| Na) = (N2a]x) 
ie. ((N,a, N,a.,) | sat |(N,,0, | Na.) 
= (Nia, |a,)]...|(N; ala,) 
= (Tala) = (Ta Ta) 
= (TTe,/a,)|...|(TT,a,)0,)) 
= ((T,a,|To,)|... | (To,1Tya,))- 


In this case we define U, = T,N,' and prove that U, is unitary. 
Now 
US =(T.NSY = (NOY T= (NUT, = NOT. 
Thus 
U.U, = T.No No! T 
= T,(N.')°T. 
= T,(N2)'T, 
= T,(T-T,)" T, 
= T.T.(T)'T, 
= Chie em Gi 


: (i |... | In), 
so U, =(U; |... | U,) is unitary. 


oe dy) 
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If T, = (T, | ... | T,) is not invertible, we shall have to do a 


bit more work to define U; = (U; | ... | U,) we first define U; on 
the range of N,. Let a = (a, | ... | Gn) be a supervector in the 
superrange of N, and a = NB; (a, | ... | Gn) =NsB = (Ni Bi | «.. | 
NiBn)- 

We define 


U,a = TB ie., (Ura; |... | Unda) = (TiBi |... | Taba), 
motivated by the fact that we want 


UN B = TB. (UiNiBi | ... | UnNaBu) = (TiB: | --. | TnBn). 


We must verify that U, is well defined on the super range of N,; 
in other words if 

N,f' =N,B ie. (N,B;| ... | N,Bi,) = (NB, |... | N,B,) 
then 


T,B’ = T,B; (TB; |... T.B,)- 


We have verified above that 


T,B,) = (TB, | .-- 


INvlf=([Niv P| --- IIo) 
= | TP = (Ital | [avel) 
for every y =(y | --- | Yn) in V. Thus with y = B — B' ie. 
(v1 | --- |¥a) =(B,- B; |---| Bu - Bi): 
we see that 
N,(B-B) = (N,(B, -B;) |---| N,(B, — Bi) = |---|) 
if and only if 


T,(B-B') = (TB, -B;)] --. 


T,(B, ~Bi,))= © |...[0). 


So U, is well defined on the super range of N, and is clearly 
linear where defined. Now if W = (W, | ... | W,) is the super 
range of N, we are going to define U, on W~ =(W,” | ae | W-). 


To do this we need the following observation. Since T, and 
N, have the same super null space their super ranges have the 
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same super dimension. Thus W~ =(W,- | igs | W;") has the 


same super dimension as the super orthogonal complement of 
the super range of T,;. Therefore there exists super isomorphism 


U}=(U} |... | Uh) of W*=(Wy |... | Wa) 
onto 
T.vy =)" | -- |TV)". 
Now we have defined U, on W and we define U, W~ to be U2. 
Let us repeat the definition of U, since 


V=wew 
i.€., 
(V, |... | V,)=(W, ® Wr |... | W, ® Wy) 
each a = (aq, |... | Ga) in V is uniquely expressible in the 
form 
a=N P+ yie., 

Ot = (at; |---| On) = (NiBi +1 |---| NnBa + Yn) 
where N,f is in the range of W = (W, |... | Wn) of N, and y = (1 
|... | Yn) is in W~. 
We define 


U,a = TB +U2y 


(Ua, |... |Use,) = (TB, + Ury, |--- T,B, +U2Y,)- 


This U, is clearly linear and we have verified it is well defined. 
Also 


(U,a|U,a) = ((U,a, |U,a,) | re | (U,a, |U,a,)) 
= (GB + Uy TB+Uy) 
= (T,B|T,B) + (Ufy| Usy) 
= (TB, | T\B,) + (Ur, | Ury,) | --- | 
(T,B, 1,8,) + Ufy, | Uy.) 
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(Ni Bi INiBi) + (1 | ¥1) | «+» | ONnBa INnBn) + (Yn | Yn) 
= (NB | NsB) + (y | y) = (@ |a) 


and so U, is unitary. We have U,N,$ = T.B for each B. Hence 
the claim. 

We call T, = U.N, as in case of usual vector spaces to be the 
polar super decomposition for T,. 


ic. Ty = UN, 
Le. (Ts|..-]Ts) = (UiN)|...]UnN,). 


Now we proceed onto define the notion of super root of the 
family of operators on an inner product super vector space V = 
(Vi... | Vn). 


DEFINITION 2.1.10: Let F, be a family of operators on an inner 
product super vector space V = (V;| ... | V,). A super function 
r=(r,| ... |r, on F, with values in the field F of scalars will be 
called a super root of F, if there is a non zero super vector 
a = (a, | .. | G) in V such that T,a = r(TJaie. (Tia; | ... | 
TiOn) = (r(T)a; | ... | 71(T,)Q,) for all Ts = (T, | ... | T,) in Fy. 
For any super function r = (r; | ... | ’,) from F, to (F | ... | 
F), let V(r) = Vir) | ... | Vit) be the set of all a = (a; | ... | 
a,) in V such that T,(a) = r(T)a for every T, in Fs. Then V(r) is 


a super subspace of V and r = (r; | ... | fn) is a super root of Fs 
if and only if V(r) = (Vi(ry) | ... | Vit) 4 GO} |... | {O)). Each 
non zero a = (a; |... | G,) in V(r) is simultaneously a 


characteristic super vector for every T, in F,. 


In view of this definition we have the following interesting 
theorem. 


THEOREM 2.1.28: Let F, be a commuting family of super 
diagonalizable normal operators on a finite dimensional super 
inner product space V = (V;| ... | V,). Then F, has only a finite 
number of super roots. If 1} ... Tyres + Gare the distinct 


super roots of F, then 
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ie KF O)V= GE Vi ss 
V(iry=Vr)| -. [V1 when i#jie, i Xj t=, 2, 


... nand 
li) V=Vir) @ ... @ Viry 
ie, V=(Vi(4) @... OV, )| ... |V,C4") ®...OV,07)). 


V7") is orthogonal to 


Proof: Suppose r= (r; | ... |) and s = (s; | ...| Sx) distinct super 
roots of F. Then there is an operator T, in F, such that r(T;) # 
s(T,); ie., ((T1) |... | ti(Ta)) # (8i(T1) |... | Si(Ta)) since 


characteristic super vectors belonging to distinct characteristic 
super values of T, are necessarily superorthogonal, it follows 
that 

V(r) = (V(t) | oo | V,, (tf; )) 
is orthogonal to 

V(s) = (V,(s,)| --- | Vi(S,))- 
Because V is finite (nj, ..., n,) dimensional this implies F, has 


atmost a finite number of super roots. Let r, . a sciagh amt We 


the super roots of F. Suppose line 2 Nea (ere (Fro so be a 


maximal linearly independent super subset of F, and let 
BeBe Bg Be awk ses 


1,19 “~“i,29 °° ire eae Py ci 


be the resolution of identity defined by TF isis my p=, 
rete E},,) forma 


1 on 


2, ..., n; then the super projections E 


commutative super family, for each E; hence each E; ; isa 
super polynomial in T; and Ty,...,T,, commute with one 
another. This being true for each p = 1, 2, ..., n. 

Since 


I= (=e, pe, (om | [ae | : | [Ee }- 
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pee } =(1|..- In) 
im : 


each super vector a = (a) |... | &,) in V =(V, | ee | V.) may 


be written in this form 


a = (|... | On) 
_ 1 1 n n 
= [> Bi is Berle | Qu Biase Fat] (A) 
JiJ2-+-Jm Jt e+-Jm 


n 


Suppose jj... jn, s-+0d! «++ jm, are indices for which 


1 1 1 2 2 n n 
SE GB idl atti \aee| Boge ge Ogle |B gee 
B ( Wt 2 Mim, jt Mp imp 2 A Mim, 2 


+ (0|...| 0), 


B; = (B, tee Bi) -( Ei |... | HE. %| 


n, i ny “i, 


then 


= 1 1 n n 
B= (EI, Bi : ERP) . 


Hence there is a scalar c; such that 


(1,5 | ..-| 7,8) = (CBI |. 


cB) 


where | <1, < m, and t = 1, 2, ..., n. For each T, in F, there 
exists unique scalars by ,--, 6; such that 


T, -([ Sam lhape [Seen | 


Thus 


rp=(Zeia1e | [Zoe 
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= (TB, les 


The function 


Te 1 i 0[ Ta) > [ Dee 


1 
1 


ny) Soo Sot tet] 


in 


is evidently one of the super roots say r,=(r, |... |.) of F, 


and B = (B; | ... | Bn) lies in V(r.) = (V(r, ) | ays | V, (1) ))- 
Therefore each nonzero term in equation (A) belongs to one of 
the spaces 


Vi) = (V(r, ) | tee 


V(t ))s++5 WO) = (Vii) | 


V, (ty, ))- 


It follows that V = (V; |... | Va) is super orthogonal direct sum 
of (V(t), ..-, V(t). 


The following corollary is direct and is left as an exercise for 
the reader to prove. 


COROLLARY 2.1.9: Under the assumptions of the theorem, let 
P= e | a LP be the super orthogonal projection of V = 
(Vi |... | Vi) on Vir J=V(r,)| Vie Dsl Shi Sho t= 1, 2, 
..., a. Then PP. =0 when i, 4 j,;t=1, 2, ..., Nn. 


f= (| |) 
i CE Ae iets Ty lleaial eee ole. ) 


and every T, in F, may be written in the form 


T, (Ty | 8. Fp 


[Enea |-~[Ee eet} 
ji Jn 
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The super family of super orthogonal _ projections 
ee Bes F, | ea | Denes Prt is called the super resolution of the 


identity determined by F, and 
Fi, a lel ee [Eee Fee Enaoe, | 
ji Jn 


is the super spectral resolution of T, in terms of this family of 
spectral super resolution of T, (both mean one and the same). 


Although the super projections (P! ... Py, |... |B”... Py. ) in 


the preceeding corollary are canonically associated with the 
family F, they are generally not in F, nor even linear 
combinations of operators in F,; however we shall show that 
they may be obtained by forming certain products of super 
polynomials in elements of F,. 

Thus as in case of usual vector spaces we can say in case of 
super vector spaces V = (V; | ... | Vn) which are inner product 
super vector spaces the notion of super self adjoint super 
algebra of operators which is a linear super subalgebra of SL(V, 
V) which contains the super adjoint of each of its members. 


If F, is the family of linear operators on a finite dimensional 
inner product super space, the self super adjoint super algebra 
generated by F, is the smallest self adjoint super algebra which 
contains F,. 


Now we proceed onto prove an interesting theorem. 


THEOREM 2.1.29: Let F, be a commuting family of super 
diagonalizable normal operators on a finite dimensional inner 
product super vector space V = (V; | ... | V,) and let a, be the 
self adjoint super algebra generated by F, and the identity 


operator. Let {Pl A Pe | me igre prt be the super resolution 


of the super identity defined by F,. Then a, is the set of all 
operators on V = (V;| ... | V,) of the form 
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k, k, 
-(Sa7 See] =T=(T;|...|T,) I 
j=l Jn=l 


where ((c; C).. Gy |... |e c}...c2 ) are arbitrary scalars. 


Proof: Let C, denote the set of all super operators on V of the 
form given in I of the theorem. 
Then C, contains the super identity operator and the adjoint 


4 Eas 


n 


k, k, 
= zl 1 zn n = 
a »S P, |. [Doge Pe 

j=l Jn=l 


of each of its members. If 


_ Deeet | -t-t9 
a Jn 
and 


=(U,|...|U,) = [Ear (ss Deir 
then for every scalar : 
a= (a; ...a,); aT, +U, =(aiT, + U, |... |a,T, + U,) 
= [Date +d\)P |. [Gres +d’) r 
and 


nu, =[Ze de P, Pe. Dei.d; Pe ‘ 


Yh lnJn 
- [Ese Ide aie J= uct 
Ji 


Thus C, is a self super adjoint commutative super algebra 
containing F, and the super identity operator. Thus C, contains 
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a,. Now let 4} ... iy yeep... 1 be the super roots of F,. Then 
for each pair of indices (1, n,), 1 # n,, there is an operator Tyin, 
in F, such that 1; (T,,,) #1, (Ty,.,)- Let 
ai, =H (Tyg, —#, Ban,) 
and 
bi, = ty, (Tyin,)- 
Then the linear operator 


-l 
Q,, = I] asin, (Ty, =; ee 


ny Al, 


is an element of the super algebra a,. We will show that 
Q,, = Py, <i: $k). For this suppose j, # i, and o is an arbitrary 
super vector in V(1,) = (V,(r, ) | ... | V, (02). Then 
a at 
Ty,¢=1) Ty 


sik <i) &=D},, 
so that 
(Tj, = 6), = (|... | 0). 
Since the factors in Q,, all commute it follows that Q,, a = (0 | 
| 0). ie. Qiao, =0. Hence Q, agrees with P, on 
VO=H(V, (r, )| se lV, (1; )) whenever j, # i. Now suppose a is a 
super vector in V(t). Then T. 


tim; 
= -l 
ain, (Tea —b;,,[) Oh, =a [y, (Tin, ) = qt, (Tin, ) Ja, = Ou, Thus 


1ny 


a, = i, (Tin, ) a, and 


therefore Qi, =P. fori=1,2,...,kjt=1, 2, ...,n From which 


it follows a, = Cs. 


Q;,0, =o, fort=1,2,...,n and Q,, agrees with P, on V,(r; ) 


The following corollary is left as an exercise for the reader to 
prove. 


COROLLARY 2.1.10: Under the assumptions of the above 


theorem there is an operator T, = (T, | ... | Ty) in a, such that 
every member of a, is a super polynomial in T. 
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We now state an interesting theorem on super vector spaces. 
The proof is left as an exercise for the reader. 


THEOREM 2.1.30: Let T, = (T; | ... | T,) be a normal operator 
on a finite dimensional super inner product space V = (V;| ... | 
V,). Let p = (p | ... | Dn) be the minimal polynomial for T, with 
(Diu: Dis -++3 Pi +++ Py) its distinct monic prime factors. Then 
each Pp; occurs with multiplicity 1 in the super factorization of 
p for 1 Sj, Sk, and t = 1, 2, ..., n and has super degree I or 2. 
Suppose W, = (W, | Pas | W;') is the null superspace of DP, (7,), 
t=1,2,...,n; 1 Sj, Sk, Then 


i. W; is super orthogonal to W; when i #] i.e. (W, | ae | W;') 

= |W"); i.e. W, is 
orthogonal to W; 1 Si, jp; Sk, and t = 1, 2, ..., n. 

ii, V=(V;\..|Vi) = W®...0W, |...|W"®...0W;) 


is super orthogonal to (W, 


iii. W, =(W, | a | W;") is super covariant under T, and p; 
=p; | a |p’, )is the minimal super polynomial for the 
restriction of T, to W;. 

iv. For every j = (jp, «5 Jn) there is a super polynomial 
e,= (Cigorg@,) with coefficients in the scalar field such 
that e(T,) = (é Gass 
projection of V = (V7 | ... | Vx) on W, =(W, | as | W;'). 


e; (T,)) is super orthogonal 


We now prove the following lemma. 


LEMMA 2.1.2: Let N, = (N; | ... | N,) be a normal operator on a 
super inner product space W = (W, | ... | W,). Then the super 
null space of N, is the super orthogonal complement of its super 
range. 
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Proof: Suppose 


(a | NB) = (Cor | NiBi) | --- | (On | NnBn)) = (0 |... | 0) 


for all B = (B, | ... | Bn) in W, then 


(Noa |B) = (Nj, 1B,) | --- | CNe4,1B,)) =O]... | 0) 


for all B; hence 
Na = (Nia,,| ...] Nja,) =]... | 0). 


By earlier result this implies 
N,a. = (Nia; |... | NnQn) = (0 |... | 0). 


Conversely if 

N,a = (Nio1 |... | NnOn) = (0 | ... | 0) 
then 

Nia =(Nja,|...] Nia, ) =(0| ... | 0) 


and 


(N¢o |B) =(a| Ns B) 
= (C1 | NiBi) |... | (Gn | NaBn)) = (0 | .-- | 0) 


for all B in W. Hence the claim 


LEMMA 2.1.3: If N, = (N; | ... | N,,) is a normal operator and a 
= (a | .. | @) is a super vector such that 
N-a=(Nia, | oa | Nia.) =(0|... | 0) then Na = (Nia@ | ... | 


NiQy) = (0|... | 0). 
Proof: Suppose N, is normal and Nia = (Nia, |... | Nia) = 
(0 | ... | 0). Then N,o@ lies in the super range of N, and also lies 


in the null super space of N,. Just by the above lemma this 
implies Na = (N,Q, |... | NnQn) = (O| ... | 0). 
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LEMMA 2.1.4: Let T, = (T; | ... | T,) be a normal operator and f 
= (f; | ... | fy) be any super polynomial with coefficients in the 
scalar field. Then f(T) = (fi(Ty) | ... | fu(T,)) is also normal. 


Proof: Suppose 


1 1 1 n 
f=(a,tajxt+...+a, x" 


=f= (fp ‘sel fs 


n n n n, 
ajtayx+... +a, x") 


then f(T;) = (fi(T)) | ... | fa(Tn)) 


=(a,], + a\T,+...+a,,T" 


. [agl, + arT, +...ta5, Ty") 


and 
f(T") = (a1, +4,T, +... +4, (T, )" 


agl, +a; 1, +...+a, (T,)™). 


Since TT, =T.T,, it follows that f(T.) commutes with f(T, ). 


ss? 


LEMMA 2.1.5: Let T, = (T; | ... | T,,) be a normal operator and f 

= (f; | ... | f,) and g = (g; | ... | g,), relatively prime super 

polynomials with coefficients in the scalar field. Suppose a = 

(a; | ... | &) and B= (B; | ... | B,) are super vectors such that 
STa= fi(Ti) ay |... | fT Gy) = (0| ... | O 

and 

; S(TIB = (S(T); |---| STP) = (0 ... | 0 

then 


(a| BP = (ay) |. | (GnlB) = (0| ... | O. 


Proof: There are super polynomials a and b with coefficients in 
the scalar field such that af + bg = (a;f; + bigy | ... | anf, + Dugn) 
=(1|... | 1) ie. for each i, g; and fj are relatively prime and we 
have polynomials a; and b; such that ajfj + big; = 1;1= 1, 2, ..., n. 
Thus 


a(T;) f(T,) + b(T3) g(Ts) =I ie., 
(ai(T1) fi(T1) + bi(T1) gi(T1) | ..- | An(Ta) f(T) + Ba(Tn) n(Tn)) 
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= (| eas | In) 


and 
a = (a,|... | Gn) 
(gi(T1)b1(T1) ot |... | Sn(TPn)bn(Tn) On) 
= g(T;) b(Ts)a. 
It follows that 


(a |B) = (Cai|Bi) | .-- | (@n | Bu) = (g(Ts) b(Ts) oB) 
((gi(T1)bi(T1)ou)Bi | --- | Sn(Tn)bn(Tn) nl Bn) 
(bi(Tiouilgi(T1), Bi | ne | ba(Tn)On | £n(Tn) Bn)) 
(b(T;) a | g (Ts) B). 


ll 


By assumption 


g(Ts)B = (gi(T1)Bi | --- | En(Tn)Bn) = (0 | .-- | 0). 


By earlier lemma 


is normal. Therefore by earlier result 


g(T) B= (gi(T) Bi]... | Sn(Tn) Bn) 


= (0... |0) 
hence 
(a/B) = ((a1| Bi) |---| (An | Bn)) 
= (0|...|0). 
We call supersubspaces W, = (W, | aes | W,)s Is jis ke t= 1, 


2, ...,n, the primary super components of V under T,. 


COROLLARY 2.1.11: Let V =(T; | ... | Tn) be a normal operator 
on a finite (n; | ... | n,) dimensional super inner product space V 
=(V, |... | Va) and Wi, ... Wi where W, = (W, esac West 
1, 2, ..., n be the primary super components of V under T,; 
suppose (W' | ... | W") is a super subspace of V which is super 
invariant under T,. 
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Then W= WNW, 
j 


Jn 


= [Ew Nw, |. [Cw Awe I 


The proof is left as an exercise for the reader. 


In fact we have to define super unitary transformation analogous 
to a unitary transformation. 


DEFINITION 2.1.11: Let V = (V; |...| V,) and V' =(V{|...|V) 


be super inner product spaces over the same field F. A linear 
transformation U, = (U; | ... | U,) from V into V’ is called a 
super unitary transformation, if it maps V onto V’ and preserves 
inner products. i.e. U;; V; > V'; and preserves inner products 
for every i = 1, 2, ..., n. If T, is a linear operator on V and T', is 
a linear operator on V’ then T, is super unitarily equivalent to 
T', if there exists a super unitary transformation U, of V onto V’ 
such that 


CLUS ah te 10, eC ae ae) 

LEMMA 2.1.6: Let V = (V; | ...| V,) and V'=(V/|...|V,) be 
finite (nj, ..., N,) dimensional super inner product spaces over 
the same field F. Suppose T = (T, | ...| T,,) is a linear operator 


on V = (V; | ...| Vn) and that T' =(T; 
ve [V;). Then T, is super unitarily 


T,) is a linear 


operator on V'=(V! 


equivalent to T' if and only if there is an orthonormal super 


basis B = (B; | ... | B,) of V and an orthonormal super basis 
B' = (B)|...| B') of V’such that 
[Ts = (ly 


i.e. ((Z1,,| tee |[Z,]s, = (Ty | tee |Z; ]:)- 


The proof of lemma 2.1.6 and the following theorem are left for 
the reader. 
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THEOREM 2.1.31: Let V = (V;| ... | V,) and V'=(V; Vi) 


be finite (nj, ..., Nn) dimensional super inner product spaces 
over the same field F. Suppose T, is anormal operator on V and 
that T', is a normal operator on V* Then T, is unitarily 
equivalent to T', if and only if T, and T', have the same 
characteristic super polynomials. 


2.2 Superbilinear Form 


Now we proceed onto give a brief description of Bilinear super 
forms or superbilinear forms before we proceed onto describe 
the applications of super linear algebra. 


DEFINITION 2.2.1: Let V = (V; | ... | V,,) be a super vector space 
over the field F. A bilinear super form on V is a super function f 
= (fi | ... | f,) which assigns to each ordered pair of super 
vectors a = (a; |... | &) and B= (B; | ... | B,) in V an n-tuple of 
scalars f(a, 2) = f(a, By) | .. | fi(Q@m B,)) in F which satisfies: 


i. fica + o&, B= cflal, B+ flee, B) 
i.e, (f(cay + a, B) |... | F,(c,0, +0 B,)) 
=(ah(q.8)+f(@1.8)|...l¢f, (a. B,) + £,(a2,B,)) 


where a' =(a; |... | @,) and Aaa cally, 


ii. fla, cB + B) =cfla, B) + fla, B) 
i.e, f,(a,¢,B + B)| | £,(@,.¢6,B. +B) 


=(of, (8) + QB )| [CA GiB tba, B) 
where B' =(B | ens | 2) and f° =(B, | ¥e2 | Br)- 


If V x V denotes the set of all ordered pairs of super vectors in 
V this definition can be rephrased as follows: 


A bilinear superform on V = (V; | ... | V,) is a super 
function f = (f; |... | fi) from Vx V = (V, xV7| ... | Vi x V,) into 
(F | ... | F) which is linear as a superfunction on either of its 


arguments when the other is fixed. The super zero function (or 
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zero super function) from V x V into (F | ... | F) is clearly a 
bilinear superform. If f = (f; | ... | f,) and g = (g) | ... | 2) then 
cf + gis also a bilinear superform, for any bilinear superforms f 
and g where c = (c;| ... | Cy) ie. f+ g = (eifi + 1 | oe | Cafa + 
gn). We shall denote the super space of bilinear superforms on V 
by SL (V, V, F). SL (V, V, F) = {collection of all bilinear 
superforms from V x V into (F | ... | F)} = (L'(V,, Vi, F) | ... | 
L'Vy Va F)}; where each Ee Vi, Vi, F) is a bilinear form, from 
VixV; >F,i=1, 2, ..., nj. 


DEFINITION 2.2.2: Let V = (V; | ... | V,) be finite dimensional 
(Nj, ..., Np») super vector space and let B = (B, | ... | B,) = 


ee sc at! ...a | be an ordered super basis for V. If f = 


1 
(f; | ... | f,) is a bilinear superform on V, the super diagonal 
matrix of fin the ordered super basis B is a(n; XNnj, ..., Nn X Ny) 
super diagonal matrix 


A, | 0 0 

fe 0 | A, 0 

0/0 A, 
where each A, is a n; X n, matrix; t = 1, 2, ..., n with entries 
4, = Ge oe 1 Si, jp Sng t = 1, 2, ..., n. At times we shall 
denote the super diagonal matrix A by 


[f], = (Als, | oy saree 


We now give the interesting theorem on SL(V,V,F). 


THEOREM 2.2.1: Let V = (V; | ... | V,) be a finite dimensional 
super vector space over the field F. For each ordered super 
basis B = (B,| ...| B,) of V the super function which associates 
with each bilinear super form on V its super diagonal matrix in 
the ordered superbasis B is a super isomorphism of the super 
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space SL(V, V, F) onto the super space of all (n; x nj, ..., Mn X 
n,) super diagonal matrix A 


A, | 0 0 
jo] 4, 0 
0] 0 A, 


where A,’ s aren; X n, matrices with entries from F; for t = 1, 2, 


Proof: We observed from above that 
f=(f,|...|f) > [f], = (Al, | --- |i.) 


is a one to one correspondence between the set of bilinear 
superforms on V = (V, |... | Vn) and the set of all (n; x nj, ..., 
nN, X N,) super diagonal matrices of the forms A with entries 
over F. 

This is a linear transformation for 


(cf + g) (0;,0;) >= cf(o;,0;) + g(0;,0;) 
ie. (cf, +81) (0,0, ) | oo | (c,f, + 2n) (a, OL; »)) 


1 if 1 1 
=(c¢,f,(a;, 0, ) + 8,(0;,. 0; ) [ss c.f, (a, a; )+g,(a;, a; )) 


for each i and j where i = (ij, ..., in) and j = (ji, ...5 jn)- 
This simply imply 


[cf + g]p =c[f]s + [g]s 
= ((¢,f, +2), | ooo | (c.f, +2, )e,) 


= Ela (eae | +. | eal Ig, lease) 


We now proceed onto give the following interesting corollary. 


187 


COROLLARY 2.2.1: Jf B = (B, |... | B, 
Canes 
... | V,) and B’=(B, 
dual super basis for V" =(V, 


bilinear superforms 


eh | a; ...a@,) is an ordered super basis for V = (V; | 
B’) = (4... |... | Lb... L,) is the 
oe | V,) then the (n;, lead n-) 


Si (0 B) = La) LB) 
Le. (Fi (@,8,) |---| A, GB) 


= (L,(a@,) £,(B)) | -- |L (a2) Li, (87) 


I Si, j, Sn; t = 1, 2, ..., n; form a super basis for the super 
space SL(V,V,F). In particular super dimension of SL(V,V,F) is 


2 2 
(n,,..., 1). 


Proof: The dual super basis {L, Pee B: 


ny 


sal er weed, ps 
essentially defined by the fact that L, (a, ) is the i: 


coordinate of o in the ordered super basis B = (B; | ... | By). 
Now the superfunction fj, = (f;,, | ... | f, ) defined by 


fij (a, B) = Li (a) Lj (B) 
1.e. @. (a, A ) | eet fi, (a; Bi, ) 
= (Li, (,) EB) | [Ea Li, By) 


are bilinear superforms. 


If 

a = (Xx, Oy +...+X,, Op, do | xfo + sot Ky Oe) 
and 

B=(yja,+...4+ Yn, On, i | Yi Oy Fact, OC, ) 
then 


f(a, B) = xi yj. 
@. (GB) fi, (a; »B; )) 
= (xy, | [xt yp). 
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Let f= (f, | ... | f.) be any bilinear superform on V = (Vj | ... | 
V,,) and let 


A, | 0 0 
0 |A, 0 
A= 
0] 0 A, 
be the super matrix of f = (f; | ... | f,) in the ordered super basis 
B =(B,|... | B,). Then 


f(a, B) = — (fi(ou, Bi) |... | f(On » Bn)) 
= [Ea i X,Yi, ly TAY Jn x Se 


Uh 
which simply says that 


f 


(fi | ... | fh) 


= [Fag blZaL | 


Ut 


It is now clear that the (nj,...,n;,) forms f, = (fj, |... 


fr} 
InJn 
comprise a super basis for SL(V,V,F). 


We prove the following theorem. 


THEOREM 2.2.2: Let f = (fi | ... | f,) be a bilinear superform on 


the finite (nj, ..., Ny) dimensional super vector space V = (V/ | ... 
| V,). Let L, =(L, |...| Li.) and R, =(Rj, |...| Ri) be the 
linear transformation from V into V’ =(V, 
by 

(La) B = f(a, —) 
i.e. (La, )B, | Hes | (Lia, B,) 
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= (fi(a, Bi) |.» | fu Qn, Bd) 
= (Ry, B)& | tee | (Ri B,)@,). 


Then super rank Ly = super rank R;: 


i.e. super rank (Lj) (rank ep ,+++, rank L’, ) 
super rank(Ry 


(rank x ,+--rank Ry ). 


The proof is left as an exercise for the reader. 


Thus we say if f = (f, | ... | f,) is a bilinear super form on a finite 
dimensional (nj, ..., Ny) Super vector space V =(V;, |... | Vn) the 
super rank of f = (f; | ... | fy) is the n tuple of integers r = (r; | ... 


| ta) = super rank of Lye = super rank of Ry ie. rank of 
Riel = retort =1, 2), a2 


Based on these results we give the following corollary which is 
left for the reader to prove. 


COROLLARY 2.2.2: The super rank of a bilinear superform is 
equal to the super rank of the superdiagonal matrix of the super 
form in the ordered super basis. 


COROLLARY 2.2.3: [ff = (f; | ... | f,) is a bilinear super form on 
the (nj, ..., Ny) dimensional super vector space V = (V; | ... | 
V,); the following are equivalent 


(a) super rank f= (rank f), ..., rank f,) =(n), ..., Ny). 


(b) For each nonzero a = (a; | ... | Q,) in V there is a B= (B, 
|... | B) in V such that fla, B) = (f(a, By) |... | film 
B)) #(0 |... | O). 


(c) For each non zero B= (f; | ... | 8, in V there is an ain V 


Oe that f(a, 2) = filay By) |. | fin, B)) #0 |... 
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Proof: The condition (b) simply says that the super null space of 
L, = a, | wae | L,) is the zero super subspace. Statement (c) 


says that super null space of R, = (Ry | he | Rj; ) is the super 


zero subspace. The super linear transformations L; and Ry have 
super nullity (0 | ... | 0) if and only if they have super rank (n, 
..+, My) Le. if and only if super rank f= (nj, ..., na). 


In view of the above conditions we define super non degenerate 
or non super degenerate or non super singular or super non 
singular bilinear superform. 


DEFINITION 2.2.3: A bilinear superform f = (f; | ... | f,) on a 
super vector space V = (V; | ... | V,) is called super non 


degenerate (or super non singular) if it satisfies conditions (b) 
and (c) of the corollary 2.2.3. 


Now we proceed onto define the notion of symmetric 
bilinear superforms. 


DEFINITION 2.2.4: Let V = (V_| ... | V,,) be a super vector space 
over the field F. A super bilinear form f = (f; | ... | f,) on the 
super vector space V is super symmetric if f(a, $B) = f(B, @ for 
all a=(a;| ... | @,) and B= (8; | ... | B) in Vice. 

Ha, B= fila By) | | fn(Qn» Bo) = FB A) | | fn(Pr» 
Oy) = f(B, @). 


Now interms of the super matrix language we have the 
following. If V = (V; | ... | Vn) be a finite (nj, ..., ny) 
dimensional super vector space over the field F and f is a super 
symmetric bilinear form if and only if the super diagonal matrix 


191 


for some super basis B is super symmetric i.e. each A; is a 
symmetric matrix of A for i= 1, 2, ..., nie. A'= A ice. f(X, Y) 
= X'AY where X and Y super column matrices. This is true if 
and only if X'AY = Y'AX for all supercolumn matrices X and 
Y, where X = (X, |... | X,)' and Y =(Y, | ... | Yn)‘ where each 
X; and Y; are row vectors. Now 


A, | 0 0 = 
; 0 ; 0 av 
XAY =(X, |... | Xn) x alle 
0 | 0 A, Ys 
A, | 0 0 - 
0 |A, 0 an 
=(Yi|... | Yn) x xP or 
0 | 0 A, X, 
Y‘A.X, 0 
a 0 Y,A,X, 0 
0 0 Y‘A.X, 


Since X'AY is al x 1 super matrix we have X'AY = Y'A'X. 
Thus f is super symmetric if and only if Y'A'X = Y'AX for all 
X, Y. Thus A = A‘. If f is a super diagonal, diagonal matrix 
clearly fis super symmetric as A is also super symmetric. 
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This paves way for us to define quadratic super form associated 
with a super symmetric bilinear super form f. 


DEFINITION 2.2.5: If f = (fi | ... | f,) is a symmetric bilinear 
superform the quadratic superform associated with f is the 
super function q = (qi | ... | Yn) from V into (F | ... |F) defined 


by g(a) = f(a, a) ie. 
GX) = (G1() |. | Ii GY) = (fil, A) | «| frm On). 


If F is a subfield of the complex number the super symmetric 
bilinear super form f is completely determined by its associated 
super quadratic form accordingly the polarization super identity 


1 1 
f(a,B) =e er q(a—B) 
i.e. 
(f1(@1, Bi) |... | fin, Bn)) = 
c (a, -B,)-—4,(a 6) | 
4h 1 1 4 1— Py) | I---I- 
1 1 
[ Lda (te ~B,) La, (O ®.)}} 
If f = (f; | ... | f,) is such that each f; is the dot product, the 


associated quadratic superform is given by 


Gioia) = (Ge pao) |e ee )) 


(GY te Ea) tot (yD 


ie. q(a) is the super square length of o. For the bilinear 
superform 


f, (X, Y)= (PCY) | Des 


tx (X, ? Yi »)) 
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=<AY = 


0 0 KAY, 


—_ 1 sees n non 
= par Xi, Vii | te ps Aga. ee Yi, . 
Anodn 


US 


One of the important classes of super symmetric bilinear super 
forms consists of the super inner products on real vector spaces. 
If V = (V, | ... | Vn) is a real vector super space a super inner 
product on V is super symmetric bilinear super form f on V 
which satisfies 


f (a, a) = (F(a), a1) |... | fr(Ons On)) > (0 |... | 0) 
ifa =(a1 |... | On) #(O]... | 0). (1) 


A super bilinear superform satisfying I is called super positive 
definite (or positive super definite). Thus a super inner product 
on a real super vector space is super positive definite, super 
symmetric bilinear superform on that space. 

We know super inner product is also super non-degenerate 
i.e. each of its component inner products are non degenerate. 
Two super vectors a = (a; | ... | Gn) and B = (f; | ... | By) are 
super orthogonal with respect to the super inner product f = (f; | 
vem TE: 

f(a, B) = (fi(a, Bi) | --- | f(Ons Bn) = (|... | 0). 


The quadratic super forms q(a) = f(a, a) = (fi(ai, ai) | ... | 
f,(On, On)) here each f,(a;, a;) takes only non negative values for i 
=1,2,..., n and q(a) = (qi(a1) | ... | qn(Qn)) is usually thought of 
as the super square length of a. i.e. square length of a; for i = 1, 
2, ..., nas the orthogonality stems from the dot product. 


If f = (f; | ... | f:) is any symmetric bilinear super form on a 
super vector space V = (V, | ... | Vn) it is convenient to apply 
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some terminology of super inner product of f. It is especially 
convenient to say that o and B are super orthogonal with respect 


to f if f(a, B) = (fi(ai, Bi) | ... | faCOn, Bu)) = (0 | ... | 0). It 
pertinent to mention here that it is not proper to think of f(a, a) 
= (f;(01, 0) |... | fi(Gn, On)) as the super square of the length of 
a. 


We give an interesting theorem for super vector spaces defined 
over the field of characteristic zero. 


THEOREM 2.2.3: Let V = (V; | ... | V,) be a super vector finite 
dimensional space over the field F of characteristic zero, and 
let f = (f; | ... | fy) be a super symmetric bilinear super form on 
V. Then there is an ordered super basis for V in which f is 
represented by a super diagonal diagonal matrix. 


Proof. To find an ordered super basis B = (B, | ... | Bn) 
=(O;...0), |... a)... a2) such that f(a, oj) = (0 | ... | 0) fori 


#j ie. 
f(o,,01;) = (f(a; 04; )] -.. 

fori: #jgt=1,2,...,n. 

Iff=(0|... | 0) orn=(1, 1, ..., 1) ie. each nj = 1 we have 
nothing to prove as the theorem is true. Thus we suppose a 
superform f= (f, |... | fx) #(O| ... | 0) and n= (mn, ..., n) > C1 | 
... | 1). Tf (fi(ay, a1) |... | fi(On, On)) = (0 |... | 0), for every a = 
(a, |... | Gn) € V, the associated super quadratic form q = (q; | 
... | Gn) is identically (0 | ... | 0), and the polarization super 
identity discussed earlier shows that f= (f| |... | fr) =(O] ... | 0). 
Thus there is a super vector a = (a; | ... | Qn) in V such that f(a, 
a) = q(a) 1.e., 


f,(a2,a)) =(0| ...| 0) 


(£, (4,01) |... | fr (Gn, On)) = (4101) | --- | Gn(On)) 
= q(a) #(0|... | 0). 


Let W be a super dimensional subspace of V spanned by @ Le. 


W = (W, | ... | Wa) is a super subspace of V spanned 
by (a; | ... | On); each W; is spanned by a,t = 1, 2, ..., n. Let 
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Wr = (W, | oe | W.') be the set of all super vectors B = (B: | 
... | Bn) in V =(V, |... | Vn) such that f(a, B) = (f:(a), B1) | ... | 
fi(On, Bn)) = (0 |... | 0). 


Now we claim V=W © W° ic. 
V=(Vi|...| Va) = (W, ® Wr]... | W, @ We). 


Certainly the super subspaces W and W~ are super independent 


i.e., when we say super independent each W, and Ww, are 
independent for t = 1, 2, ..., n; a typical super vector in W = 
(W, |... | Wa) 1s ca = (cy, | ... | Cnn) Le., each super vector in 
W; Is only of the form c,a t= 1, 2, ..., n where c = (c; | ... | Cn) 
is a scalar n-tuple. 


Also each super vector in V =(V, |... | Vn) is the sum of a super 
vector in W and a super vector in W~. For let y = (7: | ... | Yn) be 
any super vector in V, and let 


pegs F(Y,0) 
f(a,a) 

1.€., 

B= (Bi |... | Bn) 

= [, £11.01) a.,| Pa fs On) a, 
f,(a,,0,) f,(0,,0,) 
Then 
f f 
£(0,p)=#(a,y) -- ON) 
(aL, 0) 

L.€., 


(fi(ou1, Bi) |---| fr(On, Ba)) 


£170, )f (@,,04,) 
f(a ,,0,) 


= Gren ees | 
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f 
f,(a,,0,) — Stata 


f, (a, > 0 ) 


and since f is super symmetric f(a, 8) = 0. Thus f is in the super 
subspace W~. The expression 


= AU 5 
f(a, a) 
i.e. 
f, 1b“ 1 tr n?~““n 
Cn] 1)=( He a+] | AO a, 08 


which shows V = W + W~ 
Le. 
(Vi |... | Va) = (W, + Wy |... |W, + We). 


The restriction of f to W~ ice. restriction of each f; to We isa 
symmetric bilinear form, i = 1, 2, ..., n; hence f is a symmetric 
bilinear superform on W~. Since W~ is of super dimension (n; — 


1, ..., M, -1) we may assume by induction W~ has a super basis 


1 
ny 


ae | «5 ok an } such that f(a, aj) = 0; 14 j; 


n 


1 
1s oe 


1.€., 
f(a, a) = (F(a; 04, ) 


f,(a;,,0;))= (|... | 0) 


if 4% Jb GQ: = 23 je = 2); 1 <1, je S ng for every t = 1, 2, ..., n. 
Putting a, = a = (a) | aks | a; ) we obtain a super basis 


|}... a2} for V=(Vi |... | Va) such that 


1 1 
{ay -.. 


ny 


f(a, a) = (f(a, a, )| --- | f, (ar, af =O]... | 0); 


for i#j. ie. (i1, ..-5 in) # City «ees in). 
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COROLLARY 2.2.4: Let F be a field of complex numbers and let 
A be a super symmetric diagonal matrix over F i.e. 


is super symmetric diagonal matrix in which each A; is a nj; X n; 
matrix with entries from F, i = 1, 2, ..., n. Then there is an 
invertible super square matrix 


P| 0 0 
0/2 0 
P= 
ofo|] [Pe 


where each P; is an; x n; invertible matrix with entries from F 
such that P’AP is super diagonal i.e. 


P\0| |0) (4 | 0 0) (RP |o 0 
ofp] |[o| |ol4,] |o}| |olel fo 


PAP | 0 0 
_| 0 [BAB 0 
0 | 0 PLAP, 


is superdiagonal i.e. each P' A,P, is a diagonal matrix, 1 Si Sn. 


u 


We give yet another interesting theorem. 
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THEOREM 2.2.4: Let V = (V; | ... | V,,) be a finite (nj, ..., My) 
dimensional super vector space over the field of complex 
numbers. Let f = (f; |...|\f,) be a symmetric bilinear superform on 
V which has super rank r = (r1, ..., T,). Then there is an ordered 
super basis B = (Bi, ..., By) = (Bly. are Pisco f,) for ¥ 
such that 


(i) The super diagonal matrix A of fin the basis B is super 
diagonal, diagonal matrix i.e. if 


each A; is a diagonal n; xn; matrix, i = 1, 2, ..., n. 


: 2 (| x0 | Dg = Ble? 
ii) IB; B,) (0 a | 0) j>r 
bee SB PGB, Poe |. oh,) = 4 [aD 
if j,=1,2,..,75 1<ts<n 
and 

£B»B)= KB,» Bi) |---| LBB) = Ol | O 
ifj,>r,fort = 1, 2, ..., n. 


The proof is left as an exercise for the reader. 


THEOREM 2.2.5: Let V = (V; | ... | Vi) be a (ni, «1, My) 
dimensional super vector space over the field of real numbers 
and let f = (f; | ... | f) be a symmetric bilinear super form on V 
which has super rank r = (rj, ..., ’,). Then there is an ordered 


super basis Bi sie Peet Dy tis BO) for V in which the 


199 


super diagonal matrix of f is a superdiagonal matrix such that 
the entries are only 41 


Le. S(B,8;) - CAG BD | see 


f,(B;, B,)) = (AL |... | AD; 


i= 1, 2, 4 te t = 1, 2, ..., n. Further more the number of 
superbasis vector B, = (B, ree B,) for which 


F(B,B,) =K(B> B,) |---| AG» Bi) 
=(1\...| 1) 


is independent of the choice of the superbasis. 


. . 1 1 
Proof: There is a superbasis {ot} wish; aed Oy see OL, \ for V = 


n, ? 


(V; | ... | Va) Le. {044 a aut, } is a basis for V;, t= 1, 2, ..., n. 
such that 
f(a,,0.,) = (f(a; a5) |... |f,(az,02 =O]... 10) 
if ict ij 
f(a,,0,) = (f(a, 0,)|--- | f,(a7, a; ))# (| ... | 0) 
for 1 <j, <1; 
f(a,,0,) =(f,(a;,, a; ) cin | EO Oe NAO |e1'0) 


je> 1, fort =1,2,...,n. 


Let 
Fe -" 
By= Oh xe BE = If (a;,02,)| ct, 


_ SE eae eer 
= ( (ai, 0) Os | ac | at | 


E (a; : OL; ) 


1<jp<rn53t=1,2,...,n. 


B= @;, «Bi. =a; = (a) -- aj.) 


pon; t=1,2,..,m 


then {Bi wee eu Dy ale Be \ is a super basis satisfying all the 


ny 9 nh 


properties. 
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Let p = (pi; | ... | pn) be the number of basis super vectors 
B;=(B; ...B?) for which 


F(B,.B; = (f,(B; BY )| -- 


f,(B; Bi) =C I. IDs 


we must show the number p is independent of the particular 
superbasis. 

Let V* =(V,' |... | V7) be the super subspace of V = (V; | 
... | Vn) spanned by the super basis super vectors B; for which 
f(B; Bj) = (C1 |... | -l). Now p = (pi | ... | pn) = super dim 
V* =(dimV,’,..., dimV, ) so it is the uniqueness of the super 
dimension of V° which we must show. It is easy to see that if 
(c; | ... | Qn) is a nonzero super vector in V’ then f(a, a) = f(a, 
a1) |... | fr(On, On)) > (0 | ... | 0) in other words f = (f), ..., fi) is 
super positive definite i.e. each fj; is positive definite on the 
subspace W,; i = 1, 2, ..., n; of W* =(W;'| ..[We); the 


1 


super subspace of V™. Similarly if a = (a; | ... | Qn) is a nonzero 
super vector in V =(V, |...|V,_) then f(a, a) = (fi(au, a1) |... 
| fr(On, On)) < (0 |... | 0) i.e. fis super negative definite on the 


super subspace V . Now let V* =(V,|...| V,) be super 
subspace spanned by the super basis of super vectors 
B; = (B;| ... | Bi.) for which 


£(;. B;)= (£,(B),.B),) | --- 


f,(B;,, Bi) = (|... | 0). 


If a = (0; | ... | Qn) is in V~ then f(a,B) = (f, (a, Bi) |... | fa (Ons 
B.)) = (0| 0]... |0) for all B =(B, | ... | By) in V. 
Since (f}... ee ...5B; --. Bj) is a super basis for V we have 
V=aV'OV OV 
=(V/ ®V, ®V,)|...| V7 ®V, ®Vz). 


Further if W is any super subspsace of V on which f is super 
positive definite then the super subspace W, Vand V~ are 
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super independent that is W,, V, and V,; are independent for 
1=1,2,...,n; 


Suppose o is in W, B is in V and y is in V~ then 


a+ B+y=(r+Bity|... [On + Bat Ya) =O]... | 0). 


Then (0|... | 0) 

= (f(a, 1 + Bi + yi) |... | fi(Qn, On + Bn + Yn)) 

= (fi(au, o1) + fi(on, Bi) + fila, vi) |---| 
fn(On, On) + fr(Olns Bn) + fr(Ons Yn) 

= f(a, a) + f(a, B) + fla, y). 

22 O)) = AB Sekt. Py) 

(fi(Bi, &1 + Bi + yi) |---| fr(Ba, On + Ba + Yn)) 

(fi(Bi, 01) + fi(Bi, Bi) + fi(Bi, Y1) | --- | 

fi(Bns On) a fi(Bns Bn) aE fi(Bn, Yn)). 

= (f(B, a) + (B, B) + £(B, y)). 


(0 


Since y is in V~ = (V, |... | Vi"), f(a, y) = £(B, y) = (0 | ... |0) 
i.e. 
(fi(G1, Y1) |---| fn(Gns Yn) = f1(Bi, Yi) | -- | f(Bns Yn)) 
=(0|... | 0) 


and since fis super symmetric i.e. each fj is symmetric (i = 1, 2, 
..., n) we obtain 
(0|...|0)= f(a, a) + f(a, B) 
= (fi(a1, 1) + fi(1, Bi) |... | fi(Gn, On) + fh(On, Bn)) 


(0| ... |0) = f(B, B) + f(a, B) 
= (f:(B1, Bi) + f(a, Bi) |---| fr(Bns Bn) + fa(Ons Bn)). 


and 


Hence 
f(a, a) = f(B, B) 
Le. (£,(0), 01) |... | fin, On) = (fi(Bi, Bi) | --- | f(Bns Bn))- 
Since 
f(a, 0) = (fi(a1, o1) |... | fi(On, On)) = (0 |... | 0) 
and (8, B) = (£i(B1, Bi) | --- | fx(Bn» Bn) $O| -.- | 0) 
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it follows that f(a, a) = f(B, B)=(0]|... | 0). 


But f is super positive definite on W = (W, | ... | W,) and super 
negative definite on V = (Vv, | ioe | V,_). We conclude that a = 
(1 | ... | On) = (Bi | --- | Bu) = (O| ... | 0) and hence that y = (0 | 


... | 0) as well. Since V=V*°®V @®V~ and W,V ,V~ are 
super independent we see that super dim W < super dim V" ice. 
(dim Wj, ..., dim W,) < (dimV,’,...,dimV,) . That is if W = 
(W, | ... | W,) is any supersubspace of V on which f is super 


positive definite, the super dimension of W cannot exceed the 
superdimension of V’. If B, is the superbasis given in the 


theorem, we shall have corresponding supersubspaces V,", V, 


and V, and the argument above shows that superdim V,' < 
superdim V’. Reversing the argument we obtain superdim V’ < 
super dim V,' and subsequently, 


super dim V" = super dim V,". 


There are several comments we can make about the super basis 
{Bi ies oree Bae B:} and the associated super subspaces 


v‘,V and V°. First we have noted that V* is exactly the 
subsubspace of super vectors which are super orthogonal to all 
of V. We noted above that V~ is contained in the super 
subspace. But super dim V~ = super dim V — (super dim V* + 
super dim V ) = super dim V — super rank f; so every super 
vector a such that 
f(a, B) = fi(ou, Bi) | --- | fr(Otns Bn)) = (0 | ... | 0) 

for all B = (B, | ... | Bn) must be in V~. Further the subspace V~ 
is unique. The super dimension of V~ is the largest possible 
super dimension of any subspace on which f is super positive 
definite. Similarly super dim Vis the largest super dimension 
of any supersubspace on which f is super negative definite. Of 
course super dim V," + super V = super rank f. 


The super number is the n-tuple superdim V’ - superdim V_ is 
often called the super signature of f. This is derived because the 
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super dimensions of V’ and V are easily determined from the 
super rank of f and the super signature of f. 


This property is worth a good relation of super symmetric 
bilinear superforms on real vector spaces to super inner 
products. Suppose V is a finite (nj, ..., ny) dimensional real 
super vector space and W', W’ and W’ are super subspace of V 
such that 

V=wiew ew 
1.€. 
(Vi |... | Vn) 
= (W]...| W)@(W?]...|W2) OCW? |... |W2) 


((W, ®W; @W,)| ... |W, @W, @ We). 


Suppose that f'=(f} | ... 
and f°=(f, |... 


define a super symmetric bilinear superform f' = (f} | ve 


f!) is an super inner product on W' 


f°) an super inner product on W? . We can 
f) 


on V as follows. If a, B € V then we write 


a = (a'+o’+a°) 


= (Gai an)+(a;]... @) 


a7) +(a; | ee 


= 1 2 3 1 2 3 
= (a,+a; +a |... a, +a, +a;) 


and similarly 


B = (8B, +B; +Bi|... |B. +B; +B,) 


with a; and B; in V’; 1 <j < 3. Let f(a, B) = fila’, B') — fo’, 
B’). The super subspace V~ for f will be W’, W' is suitable 
V* and W’ is the suitable V-. 

Let V =(V, |... | Vn) be a super vector space defined over a 
subfield F of the field of complex numbers. A bilinear super 
form f = (f| | ... | f,) on V is called skew super symmetric if f(a, 
6) =-f(B, o) for all super vectors a, B in V. If V is a finite (n, | 
... | Ny) dimensional the bilinear super form f = (fi | ... | fh) is 
skew super symmetric if and only if its super diagonal matrix A 
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in some ordered super basis is skew super symmetric i.e., A‘ = — 
A Le., if 


A‘ = 
then 
—A, 0 0 
OQ. ras 0 
a 
0) 0 —-A, 


i.e., each A; =—-A, fori=1,2,...,n. 
Further here f(a, a) = (0 | ... | 0) 1.e., (f:(ay, O41) |... | fi(On, On)) 


=(0|... | 0) for every a in V since f(a, a) =— f(a, a). Let us 
suppose f = (f; | ... | f,) is a non zero super skew symmetric 
super bilinear form on V = (V, | ... | Vn). Since f # (0 | ... | 0) 
there are super vectors a, B in V such that f(a, B)  (0| ... | 0) 
multiplying o by a suitable scalar we may assume that f(a, B) = 
(1 | ... | 1). Let y be any super vector in the super subspace 
spanned by o and f, say 
y=Ca+dp 
1.€., 
Y = (v1 | iota | Yn) 
=. (Cyay + dipy | ry | Cyn ly diBn). 

Then 
f(y,a) = f(Ca+tdf, a) 

= ff, a) 

= -d 

a (—d, | esx | —d) 
and 
f(y, B) = f(Ca + dB, B) 

= Cf(a, B) 

= —C 

= (-C, |... |—Cn) 


205 


i.e., each d; = dif,(B;, a;) and each C; = Cifi(a;, B;) for i = (1, 2, 
...» Dy). In particular note that a and B are linearly super 
independent for if y = (y: | ... | Yn) =(0| ... | 0), then 


f(y, &) = (fi(yi, G1) |... | faCyns On)) 


f(y, B) = fi Bi) |... | faye, Bn)) 
=(0|...| 0). 


Let W = (W, | ... | Wa) be a (2, ..., 2) dimensional super 
subspace spanned by a and f 1.e., each W; is spanned by a; and 
B; fori=1,2,...,n,. Let W* =(W, |... |W,") be the set of all 
super vectors 6 = (6; | ... | 5,) such that f(5, a) = f(6, B) =(0| ... 
| 0), that is the set of all 5 such that f(6, y) =(0| ... | 0) for every 
y in the super subspace W = (W, |... | W,). We claim 


V=WOW-=(W, © W, |... |W, OW;). 
For let € =(€; |... | En) be any super vector in V and y = f(e, 
B)a — f(e, a)B ; 8= € —y. Thus y is in W and 8 is in W~ for 


f(6,a) = f(e-—file, B)a + fle, a)B, a) 
= f(e,a)+ fle, a) f(B, a)=(0|... | 0) 


and similarly f(5, B) = (0 | ... | 0). Thus every € in V is of the 
form € = + 5, with y in W and 6 in W~. From earlier results W 
A W*=(0|...|0) and so V=W @ W-. 

Now restriction of f to W~ is a skew symmetric bilinear 
super form on W-. This restriction may be the zero super form. 
If it is not, there are super vectors a' and B' in W~ such that f(a’, 
B') =(1 |... | 1). If we let W' be the two super dimensional i.e., 
(2, ..., 2) dimensional super subspaces spanned by a’ and fp’ 
then we shall have V = W © W' © W, where W, is the set of all 
super vectors 5 in W* such that f(a’,5) = f (B’,5) = (0 | ... | 0). If 
the restriction of f to W, is not the zero super form, we may 
select super vectors a", B" in W, such that f(a", B" )=(1 |... | 
1) and continue. 

In the finite (n), ..., n,) dimensional case it should be clear 
that we obtain finite sequence of pairs of super vectors 
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{(1,B;)-+-(0t4, Bp, )| «= [Cans Br) ---(o, sBy,)} swith the 


following properties 


(a) f(a, B)= (f(a, B;)]...[ f(a. BF) 
= (1]...|));j=1,2,...k 


(b) f(ai,a)= (f(a), a})|... 


f(a; , i )) 


= £(B;, Bi) 

= (£6, Bi,)] --- [f,(Bi, Bi) 
= f(a, Bj) 

= (f,(a;,.B;)] ... |£,(a2 Be) 
= (0|...|0);14j 


Le. #jp 1 <i, f-Skgt=1, 2,...,n. 


(c) If W; = (W; ee |W;) is the two super dimensional super 
subspace i.e. super dim W; is (2, ..., 2) and super spanned 
by a= CH | eine | oF) and B; = (B; | dink |B? ) then 
V = W.®...08 Wy, ® Wo 

= ((W,®...0W, OW,)|...|(W; ®...8 We ®W>)) 


where every super vector in Wo = (W, | von |WE) is super 
orthogonal to all a, = (a), | oun | a? ) and B; = (6, | as; | BF ) 


and the super restriction of f to Wo is the zero super form. 


Next we prove another interesting theorem. 


THEOREM 2.2.6: Let V = (V; | ... | V,) be a (ni, ..., My) 
dimensional super vector space over a subfield of the complex 
numbers and let f = (fi | ... | fi) be a super skew symmetric 
bilinear superform on V. Then the super rank r = (r}, ..., Tn) of f 
is even and if r = (2k, ..., 2k,) there is an ordered superbasis 
for V in which the super matrix of f is the super direct sum of 
the (nj — 1) X (Np — F1) , «5 (Mn — Tr) X (Mn — Tn) Zero super 
diagonal matrix and (ky, ..., k,) copies of 2 x 2 matrix L, where 
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Proof: Let a},8; cad ‘By 3--30;,B;,---0, 5B, be super vectors 
satisfying the conditions (a), (b) and (c) mentioned in the page 


$,? 


207. Let ty iM, seed aN be any ordered super basis for 
the supersubspace W, = (W, | ae | W;)- 


Then 

Be a, BG Brey, oo eine BOR cn 
is an ordered super basis for V = (V, |... | Vn). From (a), (b) and 
(c) it is clear that the super diagonal matrix of f = (f; | ... | fh) in 
the ordered super basis B is the super direct sum of ((n; — 2k;) x 
(n, — 2k;), ..., (Mn — 2ky) x (ny — 2k,)) zero super matrix and (k; | 
... | k,) copies of 2 x 2 matrix 


0 1 
L= ‘ 
-1 0 
Further more the super rank of this matrix, hence super rank of f 
is (2k), ..., 2k,). 


Several other properties in this direction can be derived, we 
conclude this section with a brief description of the groups 
preserving bilinear super forms. 

Let f = (f, | ... | fx) be a bilinear super form on a super 
vector space V =(V, |... | Vn) and T; = (T, | ... | Tn) be a linear 
operator on V. We say that T, super preserves f if 


f(T.a,, TsB) = f(a, B) 
Les, (f,(Tia1, T:B1) vag | fi(TnOn, TrBn)) 
= (f1(01, Bi) |... | fn(On, Bn)) 
for all a=(a; |... | On) and B =(B, |... | By) in V. 
For any T, and f the super function g = (g; | ... | gn) defined by 
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g(a, B) = (g1(04, Bi) | --- | Sn(On, Bn)) 
= f(T,a, T.B) 


= (f,(Tioa1, TiB1) |... | fr(Trotns TaBn)); 


is easily seen to be a bilinear super form on V. To say that T, 
preserves f, is simple (say) g = f. The identity super operator 
preserves every bilinear super form. If S, and T, are linear 
operators which preserves f the product S,T, also preserves f for 


f(S;,T,a, S;TsB) = f(Tsa, TsB) = fla, B) 
1.€., (f,\(S,: To, SiT1B1) | eos | fi(SpT nn, SaTnBn)) 
(f,(Tio1, TiBi) |... | f(Taon, TaBn)) 
= (fi, Bi) |... | frCOns Bn)) 
i.e. the collection of all linear operators which super preserve a 
given bilinear super form is closed under the formation of 


product. 


We have the following interesting theorem. 


THEOREM 2.2.7: Let f = (f; | ... | f,) be a super non degenerate 
bilinear superform of a finite (nj, ..., n,) dimensional super 
vector space V = (V; | ... | V,). The set of all super linear 


operators on V which preserves f is a group called the super 
group under the operation of composition. 


Proof: Let (G, | ... | Gn) = G be the super set of all super linear 
operators preserving the bilinear superform f = (f; | ... | fh) Le. 
G; is a set of linear operators on V; which preserve fj ; 1 = 1, 2, 
..., n. We see the super identity operator is in (G; |... | G;) =G 
and that when ever S, and T, are in G the super composition S, 0 
T, =(SiT; |... | S,:T,) is also in G i.e. each §;T; is in G,, i= 1, 2, 
.... nh. Using the fact that f is super non degenerate we shall 
prove that any super operator T, in G is super invertible i.e. each 
component is invertible in every G;, and T:' is also in G. 
Suppose T, =(T; | ... | T,) preserves f= (f; | ... | fr). Let a = (a; 
| ... | Qn) be a super vector in the super null space of T,. Then for 
any B =(B; | ... | By) in V we have 
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f(a, B) = f(T. TsB) = £0, T.B) = (0 | ... | 0) 
1.€., (fi(ou, Bi) |... | frCOn, Bn)) 
> (f\(Ti01, Ti Bi) | esis | f(T Ons TrBn)) 
= (f:(0, TiBi) |... | f(0, TnBn)) = (0 |... | 0). 


Since f is super non degenerate a = (0 | ... | 0). Thus T, = (T; | 
... | T,) 18 super invertible i.e. each T; is invertible; j = 1, 2, ...,n 
Clearly T,' =(T,'|...|T,') also super preserves f = (fj | ... | 
f,) for 


f (T, ‘a, T;"B) = f(T, T,"a.,T,T, 'B) = £(a,B) 
£6. (FCT; Gi 1; B,)| aac [CT Oa, Te, Ba) 
a e (LT, Uys LB | oe f, (T,T,'o., ? T,T, 'B,) 
= (fi, Bi) |... | fi(Otns Bn)) 
Hence the theorem. 
If f = (f; | ... | f,) is a super non degenerate bilinear superform 
on the finite (nj, ..., n,) super space V, then each ordered super 


basis B = (B; ... By) for V determines a super group of super 
diagonal matrices super preserving f. The set of all super 


diagonal matrices [T,], = (Ts, | ia Nee: where T, is a 


linear operator preserving f will be a super group under the 
super diagonal matrix multiplication. There is another way of 
description of these super group of matrices. 


A, | 0 0 
0 AS) [20 

A= =[f], = (fds, |---| [fils ) 
0 | 0 A, 


so that if a and B are super vectors in V with respective 
coordinate super matrices X and Y relative to B = (B, | ... | B,), 
we shall have 


f(a, B) a (f,(ou, B1) | see | fh(Otns Bn)) = X'AY. 


Suppose T, = [T, | ... | Ty] is a linear operator on V = (V, | ... | 
V,) and 


210 


M=[Ts]p = ([T, Js, | te | [T, Js, ) : 
Then 


f(T,a, TB) = (f,(T 04, TB) | ees | f(T nOln, TaBn)) 
= (MX)'A(MY); 


M, A are super diagonal matrices 


f(T,a, T.B) = X'(M'AM)Y 
M\A.M, 0 0 
ie 0 M3A,M, 0 a 
0 0 M‘AM, 


Thus T; preserves f if and only if MAM = A ie. if and only if 
each T; preserves fj ic. M; AM,=A, for i= 1, 2, ..., n. In the 
super diagonal matrix language the result can be stated as if A is 
an invertible super diagonal matrix of (n, x nj, ..., My XN,) order 


i.e., each A; is invertible and A; is (n; x n;) matrix, 1= 1, 2, ..., n. 
M'AM = A is a super group under super diagonal matrix 
multiplication. If 


A= (f= Cbs | oe| [Bs 


Be Neo 0 [f,],, | 9 0 
0 [E, ls, 0 
1.€., = 
0 0 ine 
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then M is in this super group of super diagonal matrices if and 
only if M =[T;]p 


[T]s, 0 0 
7 0 |[T]s, 0 
0 0 [Ty Ja, 
where T, is a linear operator which preserves f= (f, | ... | fh). 


Several properties in this direction can be derived by the reader. 
We now just prove the following theorem. 


THEOREM 2.2.8: Let V = (V; | ... | Vi) be a (ny, «1, My) 
dimensional super vector space over the field of complex 
numbers and let f = (f; | ... | f,) be a super non-degenerate 


symmetric bilinear super form on V. Then the super group 
preserving f is super isomorphic to the complex orthogonal 
super group O(n, c) = (O(n), c) | ... | O(M, ©)) where each O(n, 
c) is a complex orthogonal group preserving f;, i = 1, 2, ..., n. 


Proof: By super isomorphism between two super groups we 
mean only isomorphism between the component groups which 
preserves the group operation. 


Let G = (G, | ... | G,) be the super group of linear operators 
on V =(V, |... | Vn) which preserves the bilinear super form f= 
(f; | ... | f,). Since f is both super symmetric and super 
nondegenerate we have an ordered super basis B = (B; | ... | B,). 
for V in which f is represented by (n; x nj, ..., My XN,) Super 
diagonal identity matrix. i.e. each symmetric nondegenerate 
bilinear form f; is represented by a n; x n; identity matrix for 
every i. Therefore the linear operator T; of T, preserves f if and 
only if its matrix in the basis B; is a complex orthogonal matrix. 
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Hence T, —[T,], for every i is an isomorphism of G; onto 


O(n, c); i= 1, 2,...,n. Thus T, >[T,], is a super isomorphism 
of G=(G, |... | G,) onto O(n, c) = (O(n, c) | ... | O(my, c)) 


We state the following theorem the proof is left as an exercise 
for the reader. 


THEOREM 2.2.9: Let V = (V; | ... | V,) be a (ny, «0, My) 
dimensional super vector space over the field of real numbers 
and let f = (f; | ... | f,) be a super non generate bilinear super 
form on V. Then the super group preserving f is isomorphic to a 
(Nn; XN}, ..., Ny XN») Super pseudo orthogonal super group. 


Now we give by an example of a pseudo orthogonal super 
group. 


Example 2.2.1: Let f = (fi | ... | f,) be a symmetric bilinear 
superform on (R”™ P| R"™) with a quadratic super form q = 


(qi | --- | Gn)5 


q= Gis age Xn) = (Gj. x,, )| ><] qn (x}...X)_ )) 


- [Sepr- F el Rov F op. 


j=pitl jn=Pntl 


Then f is a super non degenerate and has super signature 
2p —n=(2p,;—n, |... | 2p,— ny). 


The super group of superdiagonal matrices preserving a super 
form of this type will be defined as the pseudo-orthogonal super 
group (or pseudo super orthogonal group or super pseudo 
orthogonal group) all of them mean the same structure. When 
each pj; =n i= 1, 2, ...,n we obtain the super orthogonal group 
(or orthogonal super group O(n, R) = (O(n, R) | ... | O(m,, R)) 
as a particular case of pseudo f orthogonal super group. 
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2.3 Applications 


Now we proceed onto give the applications of super matrices, 
super linear algebras and super vector spaces. 

In this section we indicate some of the main applications of 
super linear algebra / super linear vector spaces / super matrices. 
For more literature about super matrices please refer [17]. Super 
linear algebra and super vector spaces have been defined for the 
first time in this book. 

The two main applications we wish to give about these in 
Markov process and in Leontief economic models. 

We first define the new notion of super Markov chain or 
super Markov process. 

A Markov process consists of a set of objects and a set of 
states such that 


i) at any given time each object must be in a state (distinct 
objects need not be in distinct states). 
11) the probability that an object moves from one state to 


another (which may be the same as the first state) in one 
time period depends only on those two states. 


If the number of states is finite or countably infinite, the 
Markov process is a Markov chain. A finite Markov chain is 
one having a finite number of states we denote the probability of 
moving from state i to state j in one time period by pj. For an N- 
state Markov chain where N is a fixed positive integer, the N x 
N matrix P = (pj) is the stochastic or transition matrix 
associated with the process. 

Denote the n" power of P by P” = (p;’) . If P is stochastic 


then py represents the probability that an object moves from 
state i to state j in n time period it follows that P" is also a 
stochastic matrix. Denote the proportion of objects in state i at 
the end of n™ time period by x‘) and designate 
xX” =[x™,..., x] the distribution super vector for the end of 


the n'" time period. 
Accordingly, 
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X[K, x] 


represents the proportion of objects in each state at the 
beginning of the process. X is related to X° by the equation 
x™ = XO pr 

A stochastic matrix P is erogodic if lim De exists that is if 


n—>P 


each pj”) has a limit as n — 0. We denote the limit matrix 


necessarily a stochastic matrix by L. The components of X‘” 
defined by the equation X) = XL are the limiting state 


distributions and represent the approximate proportions of 
objects in various states of a Markov chain after a large number 
of time periods. Now we define 3 types of Markov chains using 
2 types of stochastic or transitive matrix. 


Suppose we have some p sets S;, ..., S, of N objects and a p set 
of states such that 
i) at any given time each set of p objects one object 
taken from each of the p sets S;, ..., S, must be ina 
p-state which denotes at a time, p objects state are 
considered (or under consideration) 
ii) The probability that a set of p objects moves from 
one to another state in one time period depends only 
on these two states. 


Thus as in case of Markov process these p sets integral 
numbers of time periods past the moment when the process is 
started represents the stages of the process, may be finite or 
infinite. If the number of p set states is finite or countably finite 
we call that the Markov super row chain i.e. a finite Markov 
super row chain is one having a finite p set (p-tuple) number of 
states. 


For a N-state Markov super p-row chain we have an 
associated p-row super N = N square matrix P = (P; | ... | Pp) 
where each P, =[p;] is the N x N stochastic or transition 


matrix associated with the process for t = 1, 2, ..., p. Thus P = 
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(P; | ... | Pp) = [{p;] | os |p?) is called the stochastic super 


row square matrix or transition super row square matrix. 
Necessarily the elements in each row of P; sum to unity, each P; 
is distinct from P, in its entries if t # s, 1 <t, s < p. Thus we 
have an N-state p sets of Markov chain defined as super p-row 
Markov chain or p-row super Markov chain or p-Markov super 
row chain (all mean one and the same model). 

We give an example of a super 5-row Markov chain with 
two states. 


0.19 0.81)0.31 0.69/0.09 0.91/0.18 0.82 ]0.73 0.27 
0.92 0.08 |0.23 0.77 ]0.87 0.13|0.92 0.08}0.50 0.50 


=(P, |... |B) =[@)1 03) |---| @)] 


where the study concerns the economic stability as state 1 of 5 
countries and economic depression as state 2 for the same five 
countries. 

Thus this is modeled by the two state super Markov 5-row 


chain having the super row transition matrix P = (P; | ... | P,). 
The n" power of a super p-row matrix P is denoted by 
Pep.) lee |e). 


Denote the proportion of p objects in state i at the end of the 
n" time period by x; and designate 


KOS OG) OG) ile) olay aa | 
=[X |... |X], 
the distribution super row vector for the end of the n™ time 
period. Accordingly 


XP = [0 OP LOT. RIM] 
Sl icse| 0") 
Roya, cae Gl 
ve | XE] = [XP 


‘ (n) 
Le. [Xe 


ral Sa) eal 


P 
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A stochastic super row square matrix P = (P; | ... | P,,) is super 


...| lim P? | exists ie. if each Ga” 


noo n> n>30 


ergodic if lim P” in Pp 


has a limit asn > 0; t= 1, 2, ..., p. We denote the limit matrix, 


necessarily a super row matrix by L = (L; | ... | L,). The 
components of X” defined by the equation 
pad Da 0. a] (een (D. 689 Fy ©. Ca Eralimrel ie. Ea 


are the limiting super state distribution and represent the 
approximate proportions. 

Thus we see when we have a same set of states to be 
analyzed regarding p distinct sets of object the Markov super 
row chain plays a vital role. This method also is helpful in 
simultaneous comparisons. Likewise when we want to study the 
outcome of a training program in 5 centres each taking into 
considerations only 3 states then we can formulate a Markov 
super row chain with N = 3 and p=S. 

Now when the number of states are the same for all the p 
sets of objects we can use this Markov super row chain model. 

However when we have some p sets of sets of objects and 
the number of states also vary from time to time among the p 
sets. Then we have different transition matrix. i.e. if S), ..., S, 
are the p sets of objects then each S; has a N; x N; transition 
matrix. For the (Ni, ..., Np) state Markov chain; if P, denotes the 
[(p§)] stochastic matrix then pj; represents that, an object 


moves from state 1 to state j in n; time period, this is true for t = 
1 2yisay Dp 

Thus the matrix which represented the integrated model of 
the p sets of S;, ..., S, is given by a super diagonal matrix 


where each P, is a N, * N; matrix .e. P, = (p;;) ; 
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This is true for every t= 1, 2, ..., p. Thus for a (Ni, ..., Np) 
state Markov chain we have the super diagonal square matrix, or 
a mixed super diagonal square matrix or a super diagonal square 
matrix. 


Hence 
P| 0 | | 0). (@ep®| 0 0 
pe = a 0 _ 0 ea 0 
0 | 0 P* 0 0 (ph) 


Denote the proportion of objects in state i at the end of the n™ 
time period by (x;); t= 1, 2, ..., p and designate 


x® 


[apr ede” 


Bs Siaca nee. | 


Pcp eens er 


here Nj = N; for i #j can also occur. 


XP [OI ON IO] [PIO RI 
= | dee PO] 

xe = xop? 
Le MY? | pee] 

Pei 20) 

By 0 
SAO? ae OR] 

Oeil] £0) Ee 

He [X24] 
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(0) p(@) 
x, P, 


ie. each X™ =X P™ true for i= 1,2, ...,n. 


This Markov chain model will be know as the super diagonal 
Markov chain model or equally Markov chain super diagonal 
model. 


Interested reader can apply this model to real world problems 
and determine the solution. One of the merits of this model is 
when the expert wishes to study a p-tuple of (Ni, ..., Np) states 
p = 2 this model is handy. Clearly when p = | we get the usual 
Markov chain with N; state. 


Leontief economic super models 


Matrix theory has been very successful in describing the 
interrelations between prices, outputs and demands in an 
economic model. Here we just discuss some simple models 
based on the ideals of the Nobel-laureate Wassily Leontief. Two 
types of models discussed are the closed or input-output model 
and the open or production model each of which assumes some 
economic parameter which describe the inter relations between 
the industries in the economy under considerations. Using 
matrix theory we evaluate certain parameters. 

The basic equations of the input-output model are the 
following: 


ul 12 In P, P; 
Ay, Ay, a5, Po |_ | P2 
ant ano Aon P, Pa 
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each column sum of the coefficient matrix is one 


i. pi20,i=1,2,....0 
il. ag 2 Ot 9 Sy By ie 
iil. aij ote a2; teat Anj = 1 


forj=1,2,...,n. 


Pa 
are the price vector. A = (a;j) is called the input-output matrix 
Ap =p that is, J— A) p=0. 


Thus A is an exchange matrix, then Ap = p always has a 
nontrivial solution p whose entries are nonnegative. Let A be an 
exchange matrix such that for some positive integer m, all of the 
entries of A" are positive. Then there is exactly only one 
linearly independent solution of (I — A) p = 0 and it may be 
chosen such that all of its entries are positive in Leontief open 
production model. 

In contrast with the closed model in which the outputs of k 
industries are distributed only among themselves, the open 
model attempts to satisfy an outside demand for the outputs. 
Portions of these outputs may still be distributed among the 
industries themselves to keep them operating, but there is to be 
some excess some net production with which to satisfy the 
outside demand. In some closed model, the outputs of the 
industries were fixed and our objective was to determine the 
prices for these outputs so that the equilibrium condition that 
expenditures equal incomes was satisfied. 


x; = monetary value of the total output of the i" industry. 
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dj= monetary value of the output of the i industry needed to 
satisfy the outside demand. 


6;; = monetary value of the output of the i" industry needed by 
the j" industry to produce one unit of monetary value of its own 


output. 


With these qualities we define the production vector. 


xy 
X, 
RO fog 
x 
the demand vector 
d, 
a=|° 
d, 
and the consumption matrix, 
O1, Oi Oi, 
C = 0», On) On, 
Ou, Oi O71. 


By their nature we have 
x2>0,d>0OandC2=0. 


From the definition of oj and x; it can be seen that the quantity 
Oi, X1 + Cig Xo +... Oix Xk 
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is the value of the output of the i industry needed by all k 
industries to produce a total output specified by the production 
vector x. 


Since this quantity is simply the i" entry of the column vector 
Cx, we can further say that the i entry of the column vector x — 
Cx is the value of the excess output of the i" industry available 
to satisfy the outside demand. The value of the outside demand 
for the output of the i" industry is the i" entry of the demand 
vector d; consequently; we are led to the following equation: 


x—Cx=dor 
d-C)x=d 


for the demand to be exactly met without any surpluses or 
shortages. Thus, given C and d, our objective is to find a 
production vector x = 0 which satisfies the equation (I — C)x = 
d. 

A consumption matrix C is said to be productive if (1 — Cy’ 
exists and (1—C)'>0. 

A consumption matrix C is productive if and only if there is 
some production vector x > 0 such that x > Cx. 

A consumption matrix is productive if each of its row sums 
is less than one. A consumption matrix is productive if each of 
its column sums is less than one. 

Now we will formulate the Smarandache analogue for this, 
at the outset we will justify why we need an analogue for those 
two models. 

Clearly, in the Leontief closed Input — Output model, 
pi = price charged by the i” industry for its total output in reality 
need not be always a positive quantity for due to competition to 
capture the market the price may be fixed at a loss or the 
demand for that product might have fallen down so badly so 
that the industry may try to charge very less than its real value 
just to market it. 

Similarly aj 2 0 may not be always be true. Thus in the 
Smarandache Leontief closed (Input-Output) model (S-Leontief 
closed (Input-Output) model) we do not demand p; = 0, p; can 
be negative; also in the matrix A = (aj), 
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aij + aj +.. aK #1 


so that we permit aj's to be both positive and negative, the only 
adjustment will be we may not have (I — A) p = 0, to have only 
one linearly independent solution, we may have more than one 
and we will have to choose only the best solution. 

As in this complicated real world problems we may not have in 
practicality such nice situation. So we work only for the best 
solution. 

Here we introduce a input-output model which has some p 
number of input-output matrix each of same order say n x n 
functioning simultaneously. We shall call such models as input 
— output super row matrix models and describe how it functions. 
Suppose we have p number of n x n input output matrix given 
by the super row matrix A =[A, |... | A,] where each A; is an x 
n input output matrix which are distinct. 


A=[A1|...| Aal 
1 1 p p 
Aas ah das apes Ad, 
1 1 p p 
= 21 2n | | a>) aon 
1 1 p 1 
Aoi ches “Aga ape... al, 


where a;+a,,+...ta,=Lt = 1, 2,...,p andj = 1, 2, ..., m 


Suppose 


Di (Be ess Be 
P=|: |: SIP, | eal Ps] 
P, | Pa lo} P, 


be the super column price vector then 


A * P=P, the (product) * is defined as A * P = P that is 
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FASP, | ek | AcP ESTP | hue | Pe 


A*P=P 
that is 
(I-A) P=(0|... | 0) 
ie., (I— Aj) Pi |... | — Ap) Pp) = (O| ... | 0). 


Thus A is an super-row square exchange matrix, then AP = P 
always has a row column vector solution P whose entries are 
non negative. 

Let A = [A, | ... | A,] be an exchange super row square 
matrix such that for some positive integer m all the entries of 
A™ 1. entries of each Aj" are positive for m; m = 1, 2, ..., p. 
Then there is exactly only one linearly independent solution of 


(I-A) P=(0]... | 0) 
i.e., (I—A;) P; | ... | (I— Ap) Pp) = 0] ... | 0) 


and it may be choosen such that all of its entries are positive in 
Leontief open production sup model. 

Note this super model yields easy comparison as well as this 
super model can with different set of price super column vectors 
and exchange super row matrix find the best solution from the p 
solutions got from the relation 


(I-A) P=(0| ... | 0) 
ie., (I-A) Pi | ...| (1—A,) Pp) = (|... | 0). 


Thus this is also an added advantage of the model. It can study 
simultaneously p different exchange matrix with p set of price 
vectors for different industries to study the super interrelations 
between prices, outputs and demands simultaneously. 

Suppose one wants to make a study of interrelation between 
prices, outputs and demands in an industry with different types 
of products with different exchange matrix and hence different 
set of price vectors or of many different industries with same 
type of products its interrelation between prices, outputs and 
demands in different locations of the country were the economic 
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status and the education status vary in different locations, how 
to make a single model to study the situation. In both the cases 
one can make use of the super input-output model the relation 
matrix which is a input-output super diagonal mixed square 
matrix, which will be described presently. 

The exchange matrix with p distinct economic models is 
used to describe the interrelations between prices, outputs and 
demands. Then the related matrix A will be a super diagonal 
mixed square matrix 


A, | 0 0 
0 | A, 0 
A= 
0 | 0 A, 
Aj, ..., Ap are the exchange matrices describing the p-economic 


models. Now A acts as integrated models in which all the p 
entities function simultaneously. Now any price vector P will be 
a super mixed column matrix 


fy 
P=|: 

P, 
where each 

pi 

Pest 25 

Ps, 
fort =1,2,..., p. 
Here each A, is a n; x nm, exchange matrix; t= 1,2, ...,p. AP=P 
is given by 
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P= 
Ps 
AP, 0 0 
0 | AJP Py 
AP = — aay 
P 
0 0 AGP. P 
i.e. AyP, = P, for every t= 1, 2,..., p. Le. 
(i, —A,)P, 0 0 
0 (1, —A,)P, 0 
0 0 (I, -A,,)P, 
0 
0 
0/0 0 


Thus AP = P has a nontrivial solution 


P, 


whose entries in each P; are non negative; 1 <t<p. 
Let A be the super exchange diagonal mixed square matrix such 


that for some p-tuple of positive integers m = (mj, ..., Mp), Aj" 
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is positive; 1 < t < p. Then there is exactly only one linearly 
independent solution; 


(I-A)P = 


and it may be choosen such that all of its entries are positive in 
Leontief open production super model. 

Next we proceed on the describe super closed row model 
(or row closed super model) as the super closed model (or 
closed super model). 

Here we have p sets of K industries which are distributed 
among themselves i.e. the first set with K industries distributed 
among themselves, the second set with some K_ industries 
distributed among themselves and so on and the p set with some 
K industries distributed among themselves. It may be that some 
industries are found in more than one set and some industries in 
one and only one set and some industries in all the p sets. This 
open super row model which we choose to call as, when p sets 
of K industries get distributed among themselves attempts to 
satisfy an outside demand for outputs. Portions of these outputs 
may still be distributed among the industries themselves to keep 
them operating, but there is to be some excess some net 
production with which they satisfy the outside demand. In some 
super closed row models the outputs of the industries in those 
sets which they belong to were fixed and our objective was to 
determine sets of prices for these outputs so that the equilibrium 
condition that expenditure equal income was satisfied for each 
of the p sets individually. 

Thus we will have 


Xx, = monetary value of the total output of the i” 
industry in the t" set 1 <i<Kand1<t<p. 
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de: = monetary value of the output of the i” 
industry of the t™ set needed to satisfy the 
outside demand, 1 <t<p,I=1,2,...,K. 

Oo, = monetary value of the output of the i™ 

industry needed by the j" industry of the t™ 

set to produce one unit of monetary value of 
its own output, 1 <i<K;1<t<p. 


With these qualities we define the production super column 
vector 


The demand column super vector 


and the consumption super row matrix C = (C, | Qs ken 
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1 P P P 
Ona. Ogee: ee Ope Geis Oo ae Oyee 


By their nature we have 


X>]i}sd>] i] andC>(0]... | 0). 


For the t™ set from the definition of oH and x; it can be seen 


that the quantity 
Gi, X; +0, X,4+...+0, Xq 


is the value of the i” industry needed by all the K industries (of 
the set t) to produce a total output specified by the production 
vector X;. Since this quantity is simply the i" entry of the 
column vector C,X; we can further say that the i entry of the 
column vector X;— X,C, is the value of the excess output of the 
i” industry (from the t™ set) available to satisfy the outside 
demand. 

The value of the outside demand for the output of the i™ 
industry (from the t™ set) is the i entry of the demand vector d,; 
consequently we are lead to the following equation for the t™ set 
X; — CX; = d, or (I — C,)X; = d, for the demand to be exactly met 
without any surpluses or shortages. Thus given C, and d, our 
objective is to find a production vector X, = 0 which satisfies the 
equation 


(I - C,)X; = di, 


so for the all p sets we have the integrated equation to be 
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(I-Q)X=d 
red [ erery)- 8 prea i dtean Gm pa] 


= (dy | «25. |p)’. 
The consumption super row matrix C = (C; | ... | C,) is said to 
be super productive if 
(I-C)* =[d-C,)" | ....|@-C,)7 
exists and 
(I-C)' =[-C,)" | ... |Q-C,)"] 2 [0]...]0]. 


A consumption super row matrix is super productive if and only 
if for some production super vector 


* 
ro 


~ 
ol 


such that X > CX 1.e. [X) |... | Xp] > [CX |... | CpXp]. 


A consumption super row matrix is productive if each of its row 
sums is less than one. A consumption super row matrix is 
productive if each of its column super sums is less than one. 
The main advantage of this super model is that one can work 
with p sets of industries simultaneously provided all the p sets 
have same number of industries (here K). This super row model 
will help one to monitor and study the performance of an 
industry which is present in more than one set and see its 
functioning in each of the sets. Such a thing may not be possible 
simultaneously in any other model. 

Suppose we have p sets of industries and each set has 
different number of industries say in the first set output of K; 
industries are distributed among themselves. In the second set 
output of K, industries are distributed among themselves so on 
in the p” set output of K,-industries are distributed among 
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themselves the super open model is constructed to satisfy an 
outside demand for the outputs. Here one industry may find its 
place in one and only one set or group. Some industries may 
find its place in several groups. Some industries may find its 
place in every group. To construct a closed super model to 
analyze the situation. 

Portions of these outputs may still be distributed among the 
industries themselves to keep them operating, but there is to be 
some excess some net production with which to satisfy the 
outside demand. 


Let 

X; = monetary value of the total output of the i® 
industry in the t™ set (or group). 

d; = monetary value of the output of the i" industry 
of the group t needed to satisfy the outside 
demand. 

oO. 7 monetary value of the output of the i" industry 


needed by the j” industry to produce one unit 
monetary value of its own output in the t™ set or 
group, 1 <t<p. 


With these qualities we define the production super mixed 
column vector 


Xy 

X, 

ih ee 
X=|X, =| i 
2]. ae 

x 

XK 


and the demand super mixed column vector 
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d, 
d, dy, 
d = = : 
d, di 
dk 


C, | 0 0 
Or, 0 
C= 
0 | 0 C, 
where 
t t t 
O11 O19 O1x, 
t t t 
oe Ox, Oy Ox, 
t . F ? 
t 1 
Ox1 Ox Ox, 


true fort =1, 2, ..., p. 


By the nature of the closed model we have 


* 
a) 
| 2 

° 


pee ais [ig bas ee (oa 


~< 
ol 
a 
ro) 


and 
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0/0 0 

0) 0 0 
C= = 

0) 0 0 


From the definition of Oj, and x; for every group (set t) it can 
be seen the quantity oj X,+...6, X, is the value of the 
Kt t 


output of the i" industry needed by all K, industries (in the t™ 
group) to produce a total output specified by the production 
vector X; (I< t < p). Since this quantity is simply the i entry of 
the super column vector in 


= [CX | ses | C,X>]' 


we can further say that the i" entry of the super column vector 
X,— CX; in 

X,- CX, 

X-CX =| : ; 
Xe Ce 


P 


is the value of the excess output of the i industry available to 
satisfy the output demand. 

The value of the outside demand for the output of the i™ 
industry (in t" set / group) is the i” entry of the demand vector 
d,; consequently we are led to the following equation 


X,— CX; = d; or (I; -C) X= d,, (1 <t< p), 
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for the demand to be exactly met without any surpluses or 
shortages. Thus given C, and d, our objective is to find a 
production vector X; = 0 which satisfy the equation (I; — C,))X;= 
d. The integrated super model for all the p-sets (or groups) is 
given by X -CX =d ie. 


X, ~ CX, d, 
X, = C,X, d, 


~< 

| 
ee 
~< 
a 


Pp Ppp Pp 
or 
X, d, 
x d, 
1.€., 
(I, = C,)X, d, 
(=e, )X, d, 
where I is a K, x K, square identity matrix t = 1, 2, ..., p. 


Thus given C and d our objective is to find a production super 
column mixed vector 


|. 
ol 


which satisfies equation (I— C) X=d 
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(I, = C,)X, d, 
i.e. : = es 
(I,-C,)X,] |d 


Pp 


A consumption super diagonal matrix C is productive if 
(I—C)' exists and ice. 


(I, - Ca: 0 0 
0 (= Ce 0 
0 (I, - C,)" 
exists and 
(I, ~ Car 
0 
= 
0 
0 
0 
0 0 


A consumption super diagonal matrix C is super productive if 
and only if there is some production super vector 


~< 
oO! 


such that 
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X>CXie.] : | > 


A consumption super diagonal mixed square matrix is 
productive if each row sum in each of the component matrices is 
less than one. A consumption super diagonal mixed square 
matrix is productive if each of its component matrices column 
sums is less than one. 

The main advantage of this system is this model can study 
different sets of industries with varying strength simultaneously. 
Further the performance of any industry which is present in one 
or more group can be studied and also analysed. Such 
comprehensive and comparative study can be made using these 
super models. 
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Chapter Three 


SUGGESTED PROBLEMS 


In this chapter we have given over 160 problems for the reader 
to understand the subject. Any serious researcher is expected to 
work out the problems. The complexity of the problems varies. 


Prove that every m x n simple matrix over the rational Q which 
is partitioned into a super matrix in the same way is a super 
vector space over Q. 


If A = (Aj) is the collection of all 4 x 4 matrix with entries from 
Q all of which are partitioned as 


Prove A is a super vector space over Q. 
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Prove V = {(X; Xz | X3 X4 X5 | Xp X7 Xg Xo) |X} ER; 1 <i <9} isa 
super vector space over Q. What is the dimension of V? 


Let V = {(x: | X2 X3 | X4 X5 Xo) | Xi € R; 1 <i < 6} be a super 
vector space over R. Find dimension of V. Suppose V is a super 


vector space over Q then what is the dimension of V? 


Prove 


V=s} ay Ay 3 | Ang =A JJ a; EQ31Si1< 25 


is a super vector space over Q. Find the dimension of V. Is V a 
super vector space over R? 


Let V = {(x1 X2 | X3 X4| Xs X6 X7) | Xi € Q3 1 <i <7} and W= {(x, 
| X2 X3 X4 | Xs Xe) | X; € Q, 1 <1 < 6} be super vector spaces over 
Q. Define a linear super transformation T from V into W. Find 
the super null space of T. 


Let V = {(x | Xz X3 | X4 X5 X6 | X7 Xg) | Xi € Q; 1 <1 <8} and W= 
{(X1 Xz | X3 | X4 Xs | X6 | X7 Xg | Xo) | Xi € Q; 1 Si <9} be super 
vector spaces over Q. Let T : V— W be defined by T = (x; | x2 
X3 | X4 X5 Xo | X7 Xg) = (Ki —Xy | X2 + X3 | X4 + X5 Xo X4| X7 + Xg|00 
| 0). Prove T is a linear super transformation from V into W. 
Find the super null space of V. 


Define a different linear transformation T’ from V into W which 
is different from T defined in problem 7, V and W are taken as 
given in problem 7. Can a linear super transformation T be 
defined from V into W so that the super null space of T is just 
the zero super space? 
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10. 


11. 


12. 


13. 


14. 


15. 


Let V = {(xX; X2 | X3 X4| Xs Xs X7) | ki € Q; 1 <i < 7} be a super 
vector space over the field Q. W = {(x Xz x3 | X4 Xs | X6 X7) | Xi € 
Q; 1 <i< 7}. For any linear super transformation T, and verify 
the condition rank T, + nullity T, = dim V = 7. 


Let V = {(x1 X2 | X3 X4| Xs) | Xi € Q; 1 <i < 5} be a super vector 
space over Q. W = {(X1 Xo X3 | X4 Xs | X6 X7Xg | X9 X10) | Xi € Q; 1 
<i< 10} be a super vector space over Q. Can we have a 
nontrivial nullity T,; T,; V — W such that rank T, + nullity T, = 
dim V = 5; nullity T, 4 0. 


Let V = {(X, Xz X3 | X4 Xs Xp X7| Xg Xo) | Xi € Q3 1 S<i< 9} bea 
super vector space over Q. W = {(X, Xo | X3 X4 X5 | Xe X7 Xg) | Xi 
€ Q; | <i< 8} a super vector space over Q. Does there exist a 
linear super transformation T,: V > W such that nullity T, = 0? 
Justify your claim. 


Let V = {(X, X2 | X3 X4 Xs | Xo X7Xg) | Xi © Q; 1 <1 < 8} be a super 
vector space over Q. W = {(X; X2 | X3 | X4 Xs) | xi € Q; 1 Si <5} 
a super vector space over Q. Does their exist a T, for which 
nullity T,; = 0? 


Let V = {(X, X2 | X3 X4 Xs | Xp X7Xg) | Xi © Q; 1 <1 < 8} be a super 
vector space over Q. Find two basis distinct from each other for 


V which is different from the standard basis. 


Find a basis for the super vector space 


over Q. 


Find at least 3 super subspaces of the super vector space 
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16. 


17. 


18. 


19. 


20. 


such that aj e Q; 1 <i < 24} over Q. Find their dimension show 
for three other super subspaces W,, W, and W; of V we can 
have V = W;, + W,+ W3. 


Let V = {(X1 Xo | X3 X4 Xs | X6 X7Xg | Xo X10) | Xi € Q3 1 <i< 10} be 
a super vector space over the field Q. (1) Find all super 
subspaces of V. (2) Find two super subspaces W, and W> of V 
such that W = W,; 4 W2 is not the zero super subspace of V. 


Let V = {(X1 X2 X3 X4| Xs X6 X7Xg | Xo X10 X11 X12) | Xi EQ} 1 <i 
12} be a super vector space over Q. W = {(X1 X2 | X3 X4 | X5 Xo) | 
x; €Q; i= 1, 2, ..., 6} is a super vector space over Q. Find 
dimension of SL (V, W). 


How many super vector subspaces SL (V, W) can be got given 
V is a super vector space of natural dimension n and W a super 
vector space of natural dimension m, both defined on the same 
field F? 


Given X = (x; X2) we have only one partition (x; | x2). Given X 
= (X; X2 X3) we have three partitions (x X2 | x3), (X: | X2 X3), (x1 | 
X2 | X3). Given X = (x, Xp X3 X4) we have (xX, | X2 | X3 | X4), (K1 Xp | 
X3 Xa), (x1 X2 | X3 | Xa), (x; X2 K3 | Xa) (x | X2 X3 X4) (x; | X2 X3 | X4) 
and (x, | X2 | X3 X4) seven partitions. Thus given X = (x; X2 ... Xn) 
how many partitions can we have on X? 


Let V = {(X; | X2 X3 X4q Xs | X6 X7) | Xi € Q; 1 <i < 7} be a super 


vector space over Q. Find SL (V, V). What is the natural 
dimension of SL (V, V)? 
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21. 


22: 


23. 


24. 


Let V = {(x | X2 X3 | X4 Xs) | x} € Q; 1 <i <5} and W = {(x, x2 | 
X3 | X4.X5) | Xi € Q; 1 <i < 5} be two super vector spaces over Q. 


(a) Find a linear super transformation from V into W which is 
invertible. 


(b) Is all linear super transformation from V into W in SL (V, 
W) invertible? 


(c) Suppose SL (W, V) denotes the collection of all linear 
transformations from W into V. Does their exist any relation 
between SL (W, V) and SL (V, W)? 


(d) Can we say SL (V, V) and SL (W, W) are identical in this 
problem? 


(e) Is SL(V, V) any way related with SL (V, W) or SL (W, V)? 


(f) Give a non invertible linear transformations from V into W, 
W into V, V into V and W into W. 


Let V = {(X, Xp | X3 X4 Xs | Xo X7 Xg) |X} € Q3 1 <1 < 8} and W= 
{(X1 X2 | X3 X4 X5 Xe | X7 Xg | Xo X10 X11) | Xi € Q3 1 $1 < 11} be two 
super vector spaces over the field of rationals. Find SL (V, W). 
Does SL (V, W) contain a non invertible linear super 
transformation? Give an example of an invertible super 
transformation T,: V > W and verify for T,, rank T, + nullity T, 
= dim V =8. 


Let V = {(X; X2 | X3 X4 | X5 X6 X7 Xg) | Xi € Q; 1 <i < 8} be a super 
vector space over Q. Will every T,: V > V € SL (V, V) satisfy 
the equality rank T, + nullity T, = dim V? 


Let V = {(x1 X2 X3 | X4 Xs | Xo X7) | Xi € Q; 1 Si < 7} be a super 
vector space over Q. W = {(x; X2 X3 X4| X5 | X6 X7 Xs) | Xi € Q; 1 
<i< 8} a super vector space over Q. P = {(X1 | X2 X3 X4 | Xs Xo) | 
x; € Q; 1 <i< 6} be another super vector space over Q. Find 
SL(V, W), SL (W, P) and SL (V, P). Does then exist any 
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29; 


26. 


27. 


28. 


29. 


relation between the 3 super spaces SL (V, W), SL (W, P) and 
SL(V, P)? 


Let V = {(X1 X2 X3 | X4 X5 Xo | X7 Xg Xo | X10 X11 X12) | Xi EC QV 1 SIS 
12} be a super vector space of natural dimension 12. Show 12 x 
12 super diagonal matrix 


3 1 0)0 0 0/0 0 0}0 0 0 
0 1 1;0 0 0/0 0 0}0 0 0 
1 1 1;0 0 0;0 0 0)0 0 0 
0 0 0;1 11/0 0 0/0 0 0 
00 0;0 11/0 0 0})0 0 0 
ee Os ED 
00 0;0 0 O0}1 0 1/0 0 0 
00 0;0 0 0;0 1 0/0 0 0 
00 0;0 0 O}1 1 0/0 0 0 
00 0;0 0 0/0 0 O0}1 2 3 
00 0;0 0 04/0 0 0)0 2 1 
00 0;0 0 040 0 0)3 0 1 


is associated with a linear operator T, and find that T,. What is 
the nullity of T,? Verify rank T, + nullity T, = 12. 


Prove any other interesting theorem / results about super vector 
spaces. 


Prove all super vector spaces in general are not super linear 
algebras. 


Is W = {(X1 X2 X3 | X4 Xs | Xo X7 Xg) | XIE Q; 1 Si< 8} a super 
linear algebra over Q. Find a super subspace of W of dimension 


6 over Q. 


Suppose V = {(Q; G2 03 O4| Os Ag A7 Og Ag Oyo | Oy, O42) | Xj 
€ Q; 1 <i1< 12}. Prove V is only a super vector space over Q. 
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30. 


31. 


32. 


Find super subspaces W, and W> of V such that W, + W2 = V. 
Can W, ~ W2= W be a super subspace different from the zero 
super space? 


Given 
Qh, Qa, QO, 
O, As Ag 0 
VH5/0, OA, Ay Ja; €Q:1<i<13>. 
0 Qi Oy; 
Oy, O43 


Is V a super linear algebra over Q? Find nontrivial super 
subspaces of V. Find a nontrivial linear operator T;, on V so that 
nullity T is not a trivial zero super subspace of V. 


Show SL (V, W) is a super vector space over F where V and W 
are super vector spaces of dimension m and n respectively over 
F. Prove SL (V, W) = {the set of all n x n super diagonal 
matrices}. Assume m = m,; + m) + m3 and n =n; + mn) + ng and 
prove dimension of SL (V, W) is n; x m, + ny) x m) + n3 X M3. 


Let V = {(xy X2 X3 | X4X5 | Xo X7 Xg) | Xi € Q3; 1 <1 < 8} be a super 
vector space over Q. Prove SL (V, V) is a super linear algebra 


of dimension 22. Show 


a, a, a, ] O 0 


SL(V, V) = 
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33. 


34. 


35. 


36. 


37. 


a, € Q;1<i<22}. 


Given V = {(X| Xo | X3 | X4X5 | X6 | X7 Xs) | xi EQ; 1 <i<8h}isa 
super vector space over Q. W = {(x | X2 | X3 X4Xs | X6 | X7) | Xi 
€ Q; 1 <i< 7} is another super vector space over Q. Find 
SL(V, W) and SL(W, V). Find the dimension of SL (V, W) and 
SL(W, V). Why does dimension of super vector spaces of linear 
super transformation decreases in comparison with the vector 
space of linear transformations? 


Let V = {(x | Xo | X3 | X4 | Xs) | xi € Q; 1 <i < 5} be a super 
vector space over Q. Find SL (V, V). Find a basis for V and a 
basis for SL (V, V). Is SL (V, V) = V? Justify your claim. 


Can we prove if V = {(x, |... | Xn) | xi € Q; 1 <i<n} bea 
super vector space over Q; SL (V, V) the super vector space of 
super linear operators on V. Is SL (V, V) = V? 


Suppose V = {(x; |... | Xn) | Xi € F; 1 <i <n} be a super vector 
space over F. Can we prove with the increase in the number of 
partitions of the row vector (x; ... X,), the dimension of SL(V, 
V) decreases and with the decrease of the number of partition 
the dimension of SL (V, V) increases? 


Let V = {(k: X2 X3 | X4 Xs Xo) | Xi € Q3 1 Si < 6} be a super 
vector space over Q. Prove SL (V, V) is of dimension 18 over 
Q. If V = {(x Xo | X3 X4 | X5 Xe) | x} € Q; 1 Si < 6} is a super 
vector space over Q. Prove dimension of SL (V, V) is 12. 

If V = {(k; | X2 X3 X4 X5 Xe) | Xi € Q; 1 <i < 6} be a super 
vector space over Q. Prove dimension of SL (V, V) is 26. 

If V = {(k1 X2 | X3 X4 X5 Xo) | Xi € Q; 1 Si < 6} be a super 
vector space over Q. Prove dimension of SL (V, V) is 20. 

Prove maximum dimension of same number partition has 
maximum 26 and minimum is 18. 

If V = {(X1 X2 X3 | X4 | Xs X6) | X} € Q3 1 Si < 6} is a super 
vector space over Q. Prove dimension of SL (V, V) is 14. 

If V = {(X1 Xz X3 X4 | X5 | Xo) | X € Q; 1 <1 < 6} is a super 
vector space over Q. Prove dimension of SL (V, V) is 18. 


244 


38. 


39. 


40. 


41. 


42. 


43. 


In this case can we say the minimum of one partition on V 
is the maximum of 2 partition on V. 


Let {(x; X2 X3 | X4 X5 Xo | X7) | Xi © Q; 1 <i < 7} bea super vector 
space over Q. 

Find a linear super operator T, on V which is invertible. 
Give a linear operator T! on V which is non invertible. Obtain 


the related super matrices of T, and T. ; 


Suppose V = {(x; X2 | X3 X4 | Xs X6) | Xi € Q; 1 <i < 6} a super 
vector space on the field Q. W = {(x; X2 | X3 | X4.Xs5 X6)|xi € Q3 1 
<i< 6} a super vector space over Q of same type as V. 

If T, is a linear super transformation from V into W and U, 
is a linear super transformation from W into V. Is U, o T; 
defined? Justify your claim. Can we generalize this result? 


Let V and W be two super vector spaces of same natural 
dimension but have the same type of partition. Let U € SL(V, 
W) such that U, is an isomorphism. Is T, > U,T,U;' an 
isomorphism of SL(V, V) onto SL(W, W). Justify your answer. 


If V and W are super vector spaces over the same field F, when 
will V and W be isomorphic. Is it enough if natural dimension 
V = natural dimension W? or it is essential both V and W 
should have the same dimension and the identical partition? 


Prove or disprove if they have same partition still V # W. 


Let V = {(X, X2 X3 | X4 Xs | X6 X7 Xg) | Xi € Q; 1 <i < 8} be a super 
vector space over Q. 

Let W = {(k, Xz | X3 X4| Xs Xo X7 Xs) |X; € Q) 1 <i <8} bea 
super vector space over Q. Is V = W? We see V and W are 
super vector spaces of same dimension and also of same type of 
partition? 


Let V = {(x1 X2 | X3 X4 X5 | Xo X7 Xg) | Xi € Q3 1 Si <8} and W= 
{(X1 X2 X3 | X4 X5 | Xo X7 Xg) | Xi € Q; 1 <1 < 8} be super vector 
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spaces over Q. Find SL(V, W). Find T, the linear transformation 
related to the super diagonal matrix. 


NIL o ojo oo 


oo OoO}r F]1oCo Co Oo 
—- OF}, O CO1oCcC CO 
NY BR wWILo ocoloeeooe 


ooo;jorjlooo 
oo o;jN Oo] CoCo Oo 


oo ojo ofr oF 
oo ojo OoO}r KF NY 


Does A relate to an invertible linear super transformation T, of 
V into W. Find nullity of T;. Verify rank T, + nullity T, = 8. 


44. Let V = {(X| X2 X3 | X4 Xs | X6 X7) | Xi © Q; 1 Si < 7} be a super 
vector space over Q. 
Let 


oolooljoeor 
co o;}jo o;jor oOo 
oO Col} CO ON OF 
Co Ool}r Ft oo Oo 
oO oljNR Oo] COC Oo 
La ll ee 
n colo ooe°no 


be a super diagonal matrix associated with T, ¢ SL(V, V). Find 
the super eigen values of A? Determine the super eigen vectors 
related with A. 


45. Let V= {(x; X2 X3 | X4 Xs Xe | X7 Xg) | Xi © Q; 1 <1 < 8} be a super 


vector space over Q. Does their exists a linear operator on V for 
which all the super eigen values are only imaginary? 
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46. 


47. 


48. 


49. 


50. 


51. 


Find for the above problem a T,: V > V such that all the super 
eigen values are real. 


Let V = {(X; X2 X3 | X4 Xs Xo | X7 Xg Xo) | X} € Q; 1 <1 <9} bea 
super vector space over Q. Is it ever possible for V to have a 
linear operator which has all its related eigen super values to be 
imaginary? Justify your claim. 


Let V = {(xX; Xo | X3 X4 | Xs X6) | Xi € Q; 1 <i < 6} be a super 
vector space over Q. Give a linear super transformation T,: V > 
V which has all its eigen super values to be imaginary. Find 
U;: V > W for which all eigen super values are real? 


Let V = {(x: Xo X3 | X4 X5 | X6) | Xi € Q; 1 <i < 6} be a super 
vector space over Q. For the super diagonal matrix A associated 
with a linear operator T, on V calculate the super characteristic 
values, characteristic vectors and the characteristic subspace; 


01 210 0] 0 
1 0 0 0] 0 
01 210 0] 0 

A160: ol slo 
0 0 9% 
0 0 0 0/-1 


Find all invertible linear transformations of V into V where V = 
{(X1 X2 | X3 X4| Xs Xe | X7 Xg) | Xi € Q; 1 Si < 8} is a super vector 
space over Q. What is the dimension of SL(V, V)? 


Let V = {(X; Xz X3 | X4 Xs Xo X7 | Xg Xo) | Xi € Q; 1 <i <9} bea 
super vector space over Q. Is the linear operator T, ((X; X2 x3 | X4 
X5 X6 X7 | Xg X9)) = (X1 + Xz Xp + X3 X3— X] | X4 O X5 + X7 Xo | Xg Xg + 
Xo) invertible? Find nullity T,. Find the super diagonal matrix 
associated with T,. What is the dimension of SL(V, V)? 
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52. 


53. 


54. 


55. 


56. 


57. 


58. 


Let V = {(X1 X2 | X3 | X4 Xs X6 X7) | Xi € Q; 1 <i < 7} be a super 
vector space over Q. 


If 
1 2/0};0 0 0 0 
0 -3;/0}0 0 0 0 
0 07;1;0 0 0 0 
A=|0 0/0} 1 2 0 -1 
0 0;0/;0 -1 2 3 
0 0;0;1 0 1 =O 
0 0 ;0};-3 1 0 1 


find T, associated with A. Find the characteristic super space 
associated with T,. Write down the characteristic super 
polynomial associated with T,. 


Let V = {(x Xp | X3 | X4 X5 Xo | X7 Xg| Xo) | Xi € Q; 1 Si <9} bea 
super vector space over Q. Find a basis for SL(V, V). What is 
the dimension of SL(V, V)? Find two super subspaces W, and 
W> of V so that W; + W2 = V and W; 0 W2= {0}. 


Let V = {(X1 X2 X3 | X4 X5 | X6 X7) | Xi € Q; 1 <i < 7} be a super 
vector space over Q. T, (x; X2 X3 | X4 Xs | Xs X7) = (X 0 x3 | 0 Xs | 
0 x7) be a linear operator on V. Find the associated super 
diagonal matrix of T;. Is T, an invertible linear operator? Prove 
rank T, + nullity T, = dim V. Find the associated characteristic 
super subspace of T;. 

Define a super hyper space of V, V a super vector space. 

Give an example of a 10 x 10 super square diagonal matrix. 


Give an example of super diagonal matrix, which is invertible. 


Give an example of a 17 x 15 super diagonal matrix, which is 
not invertible. 
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59. 


60. 


61. 


62. 


63. 


64. 


Give an example of a 15 x 15 super diagonal matrix whose 
diagonal matrices are not square matrices. 


Give an example of a square super diagonal square matrix and 
find its super determinant. 


Give an example of a super diagonal matrix which is not a 
square matrix. 


Give an example of a square super diagonal matrix whose 
diagonal entries are not square matrices. 


Let 


be a square super diagonal square matrix. Determine the super 
determinant of A. 


Find the characteristic super values associated with the super 
diagonal matrix A. 
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3 1 0 1 
0 0 1 2 
0 0 
-1 0 -1 0 
0 0 0 2 
23 0 1 
1 0 1 0 
A= 0 0 
00 1 0 
1 0 0 0 
1 
0 0 0 1 
2 0 1 


65. Let 


be a super diagonal square matrix with characteristic super 
polynomial f = (f; | fo | ... | fa) = 


((x-c})" L(x oy) Lal eer rn eer i), 
Show that 
(c} di Mice, dol sc/er dy 5 ee di) 
= (trace A; | ... | trace A,). 
66. Let V=(V;|...| Vn) be a super vector space of (n; x nj, ... Ny x 


n,) super diagonal square matrices over the field F. Let 
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67. 


68. 


69. 


Let T, be the linear operator on V = (V; | ... | Vn) defined by 
T.(B) = AB 


show that the minimal super polynomial for T, is the minimal 
super polynomial for A. 


Let V=(V,|... | Vn) be a (n; | ... | n,) dimensional super vector 
space and T, be a linear operator on V. Suppose there exists 
positive integers (k, | ... | k,) so that TX =(T," |...|T’*) =(0| 0 
|... | 0). Prove that T" =(T," |...|T.") =(O|... | 0). 

Let V=(V, |... | Vn) be a (nj, ..., no) finite dimensional (n,, ..., 
N,) super vector space. What is the minimal super polynomial 


for the identity operator on V? What is the minimal super 
polynomial for the zero super operator? 


Let 


be a super diagonal square matrix with characteristic super 
polynomial 


1 4 Dy 
(«-<)" rte) Peacaetop eC antes i 


where ((c; oar Jeseatey vere, )) are distinct. Let V =(V |... | 


V,) be the super space of (n; x ny, ..., Nn X Ny) matrices; 
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B, | 0 0 
0 |B 0 
B= 2 
0 | 0 B, 


where B; is an; x n; matrix i=1, 2, ...,n such that AB = BA 


A,B, 0 0 
0 A,B 0 
AB = Le., 7 = 
0 0 A,B, 


Prove that the super dimension of V =(V, |... | Vn) is 
(dj +...4dy (di)? +...4(d,,)'|..1@h)? +...4(d2.)’). 


70. Let T, be a linear operator on the (nj, ..., Nn) dimensional super 
vector space V =(V;, |...| Vn) and suppose that T, has a n distinct 
characteristic super values. Prove that T, = (T, | ... | T,) is super 
diagonalizable i.e., each T; is diagonalizable; i= 1, 2, ..., n. 


71. Let 
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and 


be two (n; x nj, ..., Ma X N,) super diagonal square matrices. 
Prove that if (I — AB) is invertible then (I — BA) is invertible 


and 
(I-BA)'=I+B(1—AB)'A. 


(I-B,A,)" 0 
0 (I-B,A,)" 0 
0 0 (I-B,A,)" 


=1+B(I-AB)'A. 
Qi]... |i) + 


B, dd = A,B.) A, 0 
0 B,(1-A,B,)'A, 0 


B, d - A,B. y" A, 


0 
I, +B,(-A,B,)'A, 


1, +B, (-A,B,)"A, 
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73. 


74. 


75. 


Let A and B be two super diagonal square matrices over the 
field F of same order (n, x nj, ..., My X Ny) where 


B, | 0 0 
y_| 2 1B: 0 
0] 0 B, 


of same order B; is a n; x nj matrix;i=1, 2, ...,n. 

The super diagonal square matrices AB and BA have same 
characteristic super values. Do they have same characteristic 
super polynomials? Do they have same minimal super 
polynomial? 


Let W = (W, | ... | W,) be an invariant super subspace for T, = 
(T, | ... | Tn) of the super vector space V = (V, |... | Vn). Prove 
that the minimal super polynomial for the restriction operator 
Tw = (T1/W, | ... | T/Wa) divides the minimal super polynomial 
for T,, without referring to super diagonal square matrices. 


Let T, = (T; | ... | Ty) be a diagonalizable super linear operator 
on the (n;, ..., N,) dimensional super vector space V = (V, |... | 
V,,) and let W = (W; | ... | Wz) super subspace of V which is 
super invariant under T = (T; | ... | T;). Prove that the restriction 
operator Tw is super diagonalizable. 


Prove that if T = (T) | ... | Ty) is a linear super operator on V = 


(V, |... | Vn), a super vector space. If every super subspace of V 
is super invariant under T, = (T; | ... | T,) then T, is a scalar 
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76. 


Ts 


multiple of the identity operator I = (I; | ... | In) where each I; is 
an identity operator from V, to itself for t = 1, 2, ..., n. 


Let V = (V, | ... | Vn) be a super vector space over the field F. 
Each V;, is a n; x m, Square matrices with entries from F; t = 1, 2, 
wD 

Let 


be a super diagonal square matrix where each A, is of n; x n; 
order; t= 1,2, ...,n. 

Let T, and U, be linear super operators on V = (V, | ... | Va) 
defined by T,(B) = AB 

U,(B) = AB— BA. 

If A is super diagonalizable over F then T, is 
diagonalizable; True or false? 

If A is super diagonalizable then U,; is also super 
diagonalizable, prove or disprove. 


Let V = (V, | ... | Vn) be a super vector space over the field F. 
The super subspace W = (W, | ... | W,) is super invariant under 
(the family of operators) 3,; if W is super invariant under each 
operator in 3,. Using this prove the following: 

Let 3, be a commuting family of triangulable linear 
operators on a super vector space V = (V, | ... | Vn). Let W = 
(W, | ... | Wn) be a proper subsuper space of V which is super 
invariant under 3,. There exists a super vector (a; |... | Gn) € V 
=(V, |... | Va) such that 


(a) a =(a,|... | Gy) is not in W =(W, |... | W,). 


(b) for each T, = (T, | ... | T,) in 3, the super vector T, a = 
(T,a, | ... | T,On) is the super subspace spanned by a and 


255 


78. 


79. 


80. 


Let V be a finite (nj, ..., n,) dimensional super vector space 
over the field F. Let 3, be a commuting family of triangulable 
linear operators on V = (V, |... | V,). There exists a super basis 
for V such that every operator in 3, is represented by a 
triangular super diagonal matrix in that super basis. 

Hence or other wise prove. If 3, is a commuting family of 
(nm; X Nh, ..., Ma X Ny) Super diagonal square matrices over an 
algebraically closed field F. There exists a non singular (n; x nj, 
..+5 Ny X Ny) Super diagonal square matrix P with entries in F 
such that 


P'A P= 
P' | 0 0 A, | 0 0 
0 | P,! 0 0 | A, 
0 | 0 Pp! 0 | 0 A, 


is upper triangular for every super diagonal square matrix A in 
aig: 


Prove the following theorem. Let 3, be a commuting family of 
super diagonalizable linear operators on a finite (nm, ..., Ny) 
dimensional super vector space V = (V, | ... | V,). There exists 
an ordered super basis for V such that every operator in 5, is 
represented in that super basis by a super diagonal matrix. 


Let F be a field, (nj, ..., nn) an tuple of positive integers and let 
V =(V, |... | Vn) be the super space of (n; x ny, ..., Nn X Dn) 
super diagonal square matrices over F; Let (T,), be the linear 
operator on V defined by 


(T;)a(B) = AB — BA 


ie. ((T,), (B)I---I(T)s, @B,)) 
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82. 


where 


and 
B, | 0 0 
0 |B 0 
B - yh 
0 | 0 B, 


Consider the family of linear operators (T,), obtained by letting 
A vary over all super diagonal square matrices. 

Prove that the operators in that family are simultaneously super 
diagonalizable. 


Let E, = (E; | ... | E,) be a super projection on V = (V; | ... | Vu) 


and let T, = (T, | ... | Ty) be a linear operator on V. Prove that 
super range of E, = (E, | ... | E,) is super invariant under T, if 
and only if E, T, E, = T,E, ie (E;T)E; |... | ExTaEn) = (TiE; | ... | 
T,En)- 


Prove that both the super range and super null space of E 
are super invariant under T, if and only if E,T, = T,E, ie., (E:T; 
| wee | E,T,) = (TiE; | wierd | TaE,). 


Let T, = (T, | ... | T,) be a linear operator on a finite (n;, ..., ny) 
dimensional super vector space V =(V; |... | Vn). 
Let R =(R; |... | Ry) be the super range of T, and N = (N; | 


... | Nn) be the super null space of T,. Prove that R and N are 
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83. 


84. 


85. 


86. 


independent if and only if V=R@®Niie., (Vi |... | Vn) =(Ri © 
N, |... | Rn ® Ny). 


Let T, = (T, | ... | T,) be a linear super operator on (V = V, |... | 
V,,). Suppose 


V=W1®... ® Wk= (W) @...O W! |...| We ®...0 We) 


where each W;, = (W,, |...| W;') is super invariant under T,. Let 


T‘ be the induced restriction operator on W; 


Prove: 

a. super det T = super det (T') ... super det (T‘) ie., (det (T; | 
... | det T,) = (det(T;)...det(T;")|...|det(T!)...det(T™ )). 

b. Prove that the characteristic super polynomial for f = (fi | ... 
| f.) is the product of characteristic super polynomials for 
Get, eee bet) 


Let T, = (T, | ... | Tn) be a linear operator on V = (V, | ... | Vn) 
which commutes with every projection operator E, = (E; | ... | 
E,) ie., TSE, = E,T; implies (T|E; | ... | TxEn) = (E:T) | ... | 
E,T,). What can be said about T, = (T; | ... | Ty)? 

Let V = (V, | ... | Vn) be a super vector space over F, where 


each V;j is the space of all polynomials of degree less than or 
equal to nj; 1= 1, 2, ..., n over F; prove that the differentiation 
operator D, =(D; | ... | D,) on V is super nilpotent. 

We say D, is super nilpotent if we can find a n-tuple of positive 
integers p = (pi, ..., Pn) such that D? =(D?" |...| DP") = (0... | 
0). 


Let T = (T; | ... | Ty) be a linear super operator on a finite 
dimensional super vector space V = (V; | ... | Va) with 
characteristic super polynomial f = (f) | ... | fh) = 


((x-ci)" w(x eh |....](x—o?)# ea) 


and super minimal polynomial p = (p; | ... | pa) 
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88. 


89. 


90. 


=((«-<ly sale eL ye J...[(x—eP)? ere" |: 
Let W, = (W; |...| W;") be the null super subspace of 


(T-c¢,I)" = (7, =¢.1)" Be ~c?1,)"*) : 


(a) Prove that W, = (W, |...| W;") is the set of all super vectors 
a =()|... | Gn) in V=(V; |... | Va) such that (T— cI)” = 
((T, =e) | =e y= "| «2. | 0) for some<n- 


tuple of positive integers m = (m, | ... | m,). 


(b) Prove that the super dimension of W, =(W, |...| W;") is 
(di suinaaly 


Let V =(V, |... | Vn) be a finite (nj, ..., n,) dimensional super 
vector space over the field of complex numbers. Let T, = (T; | 
... | Tn) be a linear super operator on V and D, = (D; | ... | Da) 


be the super diagonalizable part of T,. Prove that if g =(g: | ... | 
2n) iS any super polynomial with complex coefficients then the 
diagonalizable part of g.(Ts) = (g:(T1) | ... | ga(Tn)) is gs(Ds) = 
(gi(D1) | .-- | Sn(Dn)). 


Let V =(V, |... | Vn) be a (nm, ..., ny) finite dimensional super 
vector space over the field F and let T; = (T; | ... | Ta) be a linear 
super operator on V such that rank (T,) = (1, 1, ..., 1). 

Prove that either T, is super diagonalizable or T; is nilpotent, not 
both. 


Let V =(V, |... | Vn) be a finite (nj, ..., n,) dimensional super 
vector space over F. T, = (T, | ... | T,) be a linear super operator 
on V. Suppose that T, = (T, | ... | T,) commutes with every 


super diagonalizable linear operator on V. Prove that T, is a 
scalar multiple of the identity operator. 


Let T, = (T, | ... | T,) be a linear super operator on V =(Vj |... | 
V.,) with minimal super polynomial of the form 
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91. 


92. 


93. 


94. 


p’ =(p;' |..-|p.") where p is super irreducible over the scalar 
field. Show that there is a super vector a = (a, |... | Qn) in V = 
(V,; |... | Vy) such that the super annihilator of a is 
p’ =(p7" |..-|p."). (We say a super polynomial p = (p; | ... | Pn) 
is super irreducible if each of the polynomial p; is irreducible for 
i=1,2,...,n). 


If Ns = (N; | ... | Nu) is a nilpotent super operator on a (nm, ..., 
n,) dimensional vector space V = (V; | ... | V,), then the 
characteristic super polynomial for N, = (N; | ... | Nn) is x" = 
(Coralie) 

Let T, = (T; | ... | Ta) be a linear super operator on the finite (nm, 
..., N,) dimensional super vector space V =(V; | ... | V,) let 


p=(p,... Pp") =((pi)"--- (Py, )™ |---| (PP) --- PR)" ), 


be the minimal super polynomial for T, = (T; | ... | Tn) and let V 
=(V,|...| Vi) = 

(W, ®...8 Wy |.../W ®...8 W, ) 
be the primary super decomposition for T,; ie W, is the null 


space of pi. (T.)" , true fort = 1, 2,...,n. 
Let W = (W, | ... | Wy) be any super subspace of V which is 


super invariant under T,. Prove that W = (W, | ... | Wa) 


= (WNW, 2...8 WNW, |...) W, Ww ®...8 W, NW, ). 


Let V = {(X1 X2 X3 | X4 Xs | X6 X7 Xg) | Xi € Q; 1 <i < 8} be a super 
vector space over Q. Find super subspaces W', ..., W° in V 
which are super independent. 


Find a set of super subspaces W'. ..., W* of a super vector space 


V =(V, | ... | Vn) over the field F which are not super 
independent. 
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95. 


96. 


97. 


98. 


99. 


Suppose V = {(X1 X2 X3 X4 | Xs Xo | X7 | Xs Xo X10) | Xi EQ; 1 S1< 
10} is a super vector space over Q 


(a) Find the maximal number of super subspaces which can be 
super independent. 


(b) Find the minimal number of super subspaces which can be 
super independent. 


(c) Can the collection of all super sub spaces of V be super 
independent? Justify your claim. 


Suppose V =(V,|...| V,) be a super vector space of (nm, ..., Ny) 
dimension over the field F. Suppose W‘ =(W; |...|W,) be a 
super subspace of V for t = 1, 2, ..., m. Find the number t so 
that that subset of {W'}™, happens to be super independent 


super subspaces. If (mj,...,m‘) is the dimension of W' what 


can be said about m, ’s? 


Let V = {(X1 Xz X3 | X4 Xs | X6 X7 Xg Xo) | Xi EC Q; 1 <i <9} bea 
super vector space over Q. Define E, = (E; | Es | E3) a projection 
on V. 

If R, is super range of E, and N, the super null space of E,; 
prove R, ® N, = V where R, = (R, | R2 | R3) and N, = (N; | N> | 
N3). 

Show if T; = (T; | T2 | T3) any linear operator on V then 


t. =(T; |T; |T;)*T, =(T,|T, |T,). 
Let V =(V, |... | Vn) be a super vector space of finite (nj, ..., 
n,) dimension over a field F. Suppose E, is any projection on V, 


prove E, = (E; | ... | En) is super diagonalizable. 


Let V =(V, | ... | Vn) be a super vector space over a field F. Let 
T, = (T, | ... | Tn) a linear operator V. Let E, = (Ej | ... | En) be 
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100. 


101. 


102. 


103. 


104. 


105. 


any projection on V. Is TE, = E,T,? Will (T; E; | ... | Ta En) = 
(E, T, |... | EnTy)? Justify your claim. 


Derive primary decomposition theorem for super vector space V 
=(V,|... | V,) over F of finite (n;, ..., n,) dimension. 


Define super diagonalizable part of a linear super operator T,; on 
V (T; =(T1 |... | Tn) and V=(V, |... | Vn)). 


Define the notion of super nil potent linear super operator on a 
super vector space V =(V, |... | Vn) over a field F. 


Let T, = (T, | ... | T,) be a linear operator on V = (V, | ... | Vn) 
over the field F. Suppose that the minimal super polynomial for 
T, = (T; | ... | Tn) decomposes over F into product of linear 
super polynomial, then prove there is a super diagonalizable 
super operator D, = (D; | ... | D,) on V and nilpotent super 
operator N, = (N; | .... | Nz) on V such that (1) T, = D, + N, ie., 
T, =(T, |... | Ty) = Ds + N, = (D, + N; |... | Dy + Nu) Gi) DN, = 
ND, ie (DiN, | .... | DaNu) = (NiDi | ... | NaD,). 


Does their exists a linear operator T, = (T, | ... | T,) on the super 
vector space V =(V_ |... | Vn) such that T, # D, + N,? 


Let T, =(T, | ... | T;) be a linear operator on a finite (n;, ..., na) 
dimensional super vector space V =(V, |... | Vn). 
If T, =(T; | ... | T,) is super diagonalizable and if 


= = 1 fi n n 
C=C cx) ={(c, Sa, vs (sheet 
are distinct characteristic super values of T, then there exists 
linear operators E!,... EX on V. Prove that 


a. T,=cE'+...+¢E* ie. (T)|...|/ Ts) = 
(Epes Pe Lh, [exe By eiseee, Be) 


1 —cP FP p Pp 
Le., each T, =c) E? +...+cy Ep. 


b TSE, t.. FES HQ </1,) te,h= E+ ..4 BL 3 t= 1,2, 


wD 
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107. 


108. 


109. 


110. 


111. 


112. 


c. E‘E! =(0|...|0)ifizj 
ie., Ei E! =(E; E}|...|E) E!)=(0|...|0) ifi¢j 
d. (Ey SHE ie (Ed EY = Ey ies (EAR yt 
e. The super range of E! is the characteristic super space for T, 


associated with c. =(c; ,...,c” ) where Ei =(E']...|E'). 
i 1 in s 1 n 


Define for a linear transformation T,: V > W; V and W super 
inner product spaces a super isomorphism T, of V on to W. 


Give an example of a complex inner product super vector space 
of (3, 9, 6) dimension. 


Let T, = V > V be a linear super operator of a super complex 
inner product space. When will T, be a super self adjoint on V. 


Can the notion of “super normal” be defined for any super 
matrix A? Justify your answer. 


Let 


be a super diagonal square complex matrix. Can A be defined to 
be super normal if A,A; =A;A, fori=1, 2, ..., n. 


Give an example of a super normal super diagonal square 
matrix. 


Let T, = (T; | ... | Ty) be a linear super operator on a super 
vector space V =(V, | ... | Vn) over the field F. 
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Define the super normal linear super operator T, on V and 
illustrate it by an example. 


113. Prove only super diagonal square matrices can be super 
invertible matrices. 


114. Is 
3 4 5/0 0 1 
0 11)/3 2 1 
ies 9 2 0)1 1 +1 
1 1 1)/1 01 
3 7 1/8 0 5 
5 01]9 9 2 
an invertible matrix? 
Justify your answer. 
115. Let 
3 1 2 
5 0 1] O 0 
3 
A= 0 
1 0 
0 0 3 1 
1 5 


be a super diagonal square matrix. Is A a super invertible 
matrix? 


116. Can every super diagonal matrix be an invertible matrix? 


117. Let 
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118. 


119. 


120. 


121. 


122. 


noe WwW 
NF FN 
NF ee 
a) 


be super diagonal matrix. If A invertible? 
Give an example of a super symmetric matrix. 


Will the partition of a symmetric matrix always be a super 
symmetric matrix? 


Let T, be a linear super operator on a super inner product space 
V=(V;|...| Vn) ona field F. When will T, = T. ? 


Suppose A and B are super square matrices of same natural 
order can we ever make A unitarily super equivalent to B. 
Justify your claim. 


Suppose 
A, | 0 0 
O° [ Ay 0 
A= 
0 | 0 A, 


is a super diagonal square matrix. Can we define for any 
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a super diagonal square matrix of same order. When can we say 
B is unitarily super equivalent to A. 


123. Let 
3 5 1 
0 1 2 0 0 
00 1 
2141 41 
001 2 
A= 0 0 
001 41 
000 -!l 
9 2 
0 0 
0 1 
and 
5 0 1 
0 1 2 0 0 
00 1 
1041 1 
012 1 
B= 0 0 
00 1 2 
000 1 
2 
0 0 
0 1 


be two super diagonal square matrix. Is A super unitarily 
equivalent to B? 
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124. 


125. 


126. 


128. 


129. 


130. 


131. 


132. 


133. 


Define super ring of polynomials over Q. Is it a super vector 
space over Q? 


Let V = [Q[x] | Q[x] | Q[x]] be a super vector space over Q. 
Find a super ideal of V which is a super minimal ideal of V. 


Let V =(V, |... | Vn) be a super vector space over a field F. T, a 
linear super transformation from V into V. 
Prove that the following two statements about T, = (T, | ... | Ta) 


are equivalent. 


The intersection of the super range of T, = (T, | ... | T,) and 
super null space of T, = (T; | ... | Ts) is a zero super 
subspace of V. 


If T, (Ta )) = (T1(T1(@ 1) |... | Tn (Ta @ n))] = (0 | «.. | 0) 
then T,a =(T,a;|...|Trn)=(0]...| 0). 


. Define super linear functional? Give an example. 


Define the concept of dual super space of a super space V = (V, 
|... | Vn) over the field F. 


Can polarization identities be derived for super norms defined 
over super vector spaces? 


Define the super matrix of the super inner product for a given 
super basis for a super vector space V = (V, | ... | Vn) over a 
field F. 


Verify the super standard inner product on V = 
(F™ |...|F"") over the field F is an super inner product on V. 


Can Cauchy Schwarz super inequality for super vector spaces 
be oblained? 


Can Bessels inequality of super vector spaces with super inner 
product be derived? 
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134. 


135. 


136. 


137. 


Can we have a polar decomposition in case of linear operators 
T,. U; and W, on a super vector space V such that T, = U,N,? 


Give a proper definition of a non-negative super diagonal square 
matrix. 


A, | 0 0 

0 | A, 0 
A = 

0 | 0 A, 


where each A; is an; x nj matrix i= 1, 2,..., n. 

Then prove that such a super diagonal square matrix has a 
unique non negative super square root. Illustrate this by an 
example. 


If U, and T, are normal operators in SL (V, V) which commute 
prove T, + U, and U, T, are also normal. 


Let SL (V, V) be the set of operators on a super vector space V 
=(V |... | Va) over a complex field i.e., V itself is finite (nj, ..., 
n,) dimensional complex super inner product space. Prove that 
the following statements about T, are equivalent. 


a. T,=(T,|...| Tn) is (super) normal 


b. I] Troe l= (Toy HITT Ton ID 
= (To, WM Te, ID 
= [|Tra |]. 


for every a =(;|...| On) e V=(Vj |... | Vn). 


c. T,=T!+iT? where T! and T? are super self adjoint and 
T! T? =T? T! where T, = (T1 | ... | Ts) 
= (T, +iT, |...|T, +iT) 
and 
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ate a =(T; T; [eslde T,) 
= (T; Toles hy, T,) 


a T? T! 

If a = (a; |... | yp) is a Super vector and c = (cj, ..., Cn) any 
scalar n-tuple then T, a = ca ie., 

(T1041 |... | TaOn) = (C101 |... | CnOtn) then TT a =C a 
Le. alse TO. S(O, ows (eG. Ns 

There is an orthonormal super basis for V = (V; | ... | Vn) 


consisting of characteristic super vectors for T, = (Tj | ... | 
T,). 


There is an orthonormal super basis B = (B,; | ... | Bn). Bi a 
basis for V;;1= 1, 2, ..., n such that [T,], is a super diagonal 
matrix A. 


ie, [((T]5|---I[Tals,)=(Ail--[An)| where each A; is a 


diagonal matrix, i= 1, 2, ..., n. 


i.€., 

A, | 0 0 

0 |A, 0 

ce 

0 | 0 A, 
There is a super polynomial g = (g; | ... | gn) with complex 
coefficients such that T, =g(T,) ie., (T, |.../T.) = (2:(T) 
| .-- | $n(Tn)). 


Every super subspace which is super invariant under T, is 
also super invariant under T, . 


T, = N,; U; where N, is super non negative, U, is super 
unitary and N, super commutes with U, ie (N; U; |... | Nn 
U,) = Ns; Us =(U; N; | ... | Un Nn) = Us Ns. 
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j. T,=(C,E\+...4+C,E, |...|C] ED +...+Cz, Ei) where! 


= (|... | In) 
S(B eat Eella| Bp Pact Ee) 
with 


E; E, =0 ifi,#jyt=1,2,...,n and (E; =E; =E; for 


1<i,<k,andt=1,2,...,n. 


138. Let V=(V, |... | Vn) be a super complex (n, x nj, ..., Dn X Ny) 
super diagonal matrices equipped with a super inner product (A 
| B) = trace (AB ) 

i.e., ((Ar | Bi) | -- | (An| Bn) 
= (tr (A,BY))...| tr (A,, BE) 


where 
and 
B, | 0 0 
Ac 0 |B, 
0 | 0 B, 


If B is a super diagonal (n; x nj, ... n, X N,) matrix of V, let 


Ly =(L,, |---IL5,); 
Rg = (Rg, |---1Rp,) 


and 

Ty = (Tp, |---1 Tp.) 
denote the linear super operators on V = (V; | ... | Vn) defined 
by 
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139. 


140. 


141. 


142. 


(a) Lp (A)=BA 
Le, (Ly (A,)|...|L§, (A,)) = (Bi Ai| ... | Bn An). 


(b) Ra(A) = AB ice., 
(Ry, (A,)|..-| Rg, (A, ))= (ArBi | ... | AnBn). 


(c) T, (A)= (T;, (A,) [94 T;, (A, ) 
= (BA, -A,B,)|..-|(B,A, —A,B,)) = BA — AB. 


Let 3, be a commuting family of super diagonalizable normal 
operators on a finite (nj, ..., n,) dimensional super inner product 
space V = (V, | ... | Vn) and Ao the self adjoint super algebra 
generated by S,. Let a, be the self adjoint super algebra 
generated by 3, and the super identity operator I = (I, | ... | In). 
Show that 


a. a, 1s the set of all operators on V of the form cl + T, Le., (c; 
I, + T, |... | en In + Tn) where c = (c), ..., Cn) is a scalar n 
tuple and T, = (T; | ... | T,) is a super operator in a, and T, 
an operator in a, 


b. a= a, if and only if for each super root r = (1, ..., Tn) of as 


there exists an operator T, in a, such that r(T,) = (7i(T)) | 
.-» [tn (Ta) # (O| ... | 0). 


Find all linear super forms on the super space of column super 


vectors V =(n; x 1 |... | ny x 1), super diagonal matrices over C 
which are super invariant under o(n, c) = (0 (nj, c) |... | 0 (m, 
c)) 


Find all bilinear super forms on the super space of column super 
vector V = (n; x 1 |... | ny x1), super diagonal matrices over R 
which are super invariant under o(n, R). 


Does their exists any relation between the problems 140 and 
141. 
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143. 


144. 


145. 


146. 


Let m = (m, | ... | m,) be a member of the complex orthogonal 
super group (o(n), c) |... | o(n,, c) Show that 

m'= (m!|...]m!)=im=(m,|...|m,) 
and 

m= (mj |...|m})=imi' = (iit |...| mil) 
also belong to o(n, c) = (0 (nj, c) | ... | O(M,, C)). 
Suppose m = (m,; | ... | m,) belongs to o(n, c) = (o(m), c) | ... | 
o(ny, ¢)) and that m’=(m_ |...|m‘) similar to m. Does m' also 


belong to o (n, c). 


Let 
ny Ny 
yi = (Yj, pal ¥i) a [So x jz] ie “ 
ky=l ky=l 
where m = (m, | ... | My) is a member of o(n, c) = (o(n;, c) | ... | 
O(Ny, C)). 
Show that 
diye -[Eo) Zou? | 
j i Jn 
-(Zepr-1Dety | 
ji Jn 
= yx. 
j 
Let m = (m; | ... | m,) be an (n, x nj, ..., Ny x N,) Super diagonal 
matrix over C with columns 
m| sai, 5 hy SAM, eeeaetil 4Aac TE, : 
show that m belongs to 0 (n, c) = (0 (nj, c) | ... | 0 (ny, c)) if and 
only if 
m)m, =6, ie., ((m; my, |---| nj) my, )=(5),, |---15,4)- 
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147. 


148. 


149. 


Let x = (x, | ... | Xn) be an (n, x 1, ..., n, x 1) super diagonal 
matrix over C. Under what condition o (n, c) = (0 (m;, ci) | ... | 
o(n,, c)) contain a super diagonal matrix m whose first super 
column is X i.e., if 


i.e., O(n, c) has a super diagonal matrix m such that the matrix 
m; whose first column is x;; i= 1, 2, ..., n. 


Let V =(V; |... | Wn) be the space of alln x 1 =(n) x 1 |... | On 
x 1) matrices over C and f= (f; | ... | f,) the bilinear super form 
on V given by 


f(xy) = (fi (Xi, yi) | --- | fh &ns Ya) 
= (xy, |---LenYn)- 
Let m belong to o(n c) = (o(m;, c) | ... | o(n,, c)). What is the 


super diagonal matrix of f in the super basis of V containing 


1 
not? 


1 
super columns m,...m ..m;,...,m) of m? 


Let x = (x; |... | Xn) be a(n; x1 |... | n, x 1) super matrix over C 


such that x'x =(x;x, |...|x,x,)=(I| ... |I) and I, =(J, |...|1, ) 


be the j super column of the identity super diagonal matrix. 
Show there is a super diagonal matrix 


in o(n, c) = (o(n), c) |... | (Ma, c)) such that m x = J; 1.e., 
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m,X, 0 0 
0 | mx, 0 
0 0 m,X, 
= [I |.-.[1, ]. Ifx = (xi |... | Xn) has real entries show there is a 


m in o (n, R) with the property that mx = Jj. 


150. Let V=(V, |... | Vn) be a super space of all (n; x 1 |... | nm, x 1) 
super diagonal matrices over C. 


an (n| X Ny, ..., My X Ny) Super diagonal matrix over C, here each 
A; is a nj X nj matrix; i = 1, 2, ..., n and f = (f, | ... | f,) the 
bilinear super form on V given by 


f(x, y) = (fi (Ki, yi) |---| fins Yn) 
=x Ay= (x, Avy, |---[x, An Ya) 


xALY, 0 0 
_| 0 xSA,Y, 0 
0 0 xi ALY, 


Show that f is super invariant under o (n c) = (0 (nj, c) | ... | 
o(M,, c)) 1.e., f(mx; my) = f(x, y) ie., (fi(mix1, myy)) | ... | 
fi(™MpXn, MpYn)) = (f1(X1, yi) |... | f(X&n, Yu)) for all x = (x; |... | 
Xn) and y = (yi |... | Yn) in V and 
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in (0 (nj, c) |... | 0 (My, C)) = 0 (n, c) if and only if 
A, | 0 0 
0 |A, 0 
A= 
0 | 0 A, 


commutes with each member of 0 (n, c). 


151. Let F be a subfield of C, V be the super space of (n; x 1 |... | 
n, x 1) matrices over F i.e., 


V= 1 1 n n : 
prey. Sal end bere a 


is the collection of all super column vectors. 


is a super diagonal matrix where each A; is a n; x nj matrix over 
F, and f= (f; | ... | f,) the bilinear super form on V given by f(x, 
y) =x' Ay ie. (fi (x1, yi) |... | fa Xn» Ya) 


xiALY, 0 
_ 0 x,ADY> 
0 0 xiAy, 
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If m is a super diagonal matrix 


m,| 0 0 
0 | m, 0 


where each m; is a n; x n; matrix over F; show that m super 
preserves f if and only if A'm'A = 


A;' | 0 
0 | A; 
0 | 0 
x 
A;'mjA 0 0 
7 0 A;'mA, 0 
0 0 Ai'm‘A, 
m,' | 0 
mane. m,' 
0 0 m,! 
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152. 


153. 


154. 


Let g = (g: | ... | ga) be a non singular bilinear super form on a 
finite (n;, ..., Ny») dimensional super vector space V = (V; | ... | 
V,,). Suppose T, = (T, | ... | Ty) is a linear operator on V and that 
f= (f, | ... | f,) be a bilinear super form on V given by f(a, B ) = 
g (a, TB). ie., 
(f, (1, Bi) |---| fr(Otns Bu)) = (gi(o, TiB1) | .-- | ZaCOns TnBn)). 

If U; = (U; | ... | Un) is a linear operator on V find necessary and 
sufficient condition for U, to preserve f. 


Let q = (q; | q2) be the quadratic super form on (R’ | R*) given 
by 

q (x, y) = Gi: x) lq, (x x x3) 

(2bx} x} |x} x5 + 2x} x} +(x3)’) 

Find a super invertible linear operator U, = (U; | U2) on (R’ | R°) 
such that 


((Uiq,) (x1, x2) (U} ay) (x? x3 x3) 
= (2b(x})* — 2b(x})* | (xP)? - (3)? + (K3)’). 


Let V =(V, | ... | Vn) be a finite (nj, ..., n,) dimensional super 
vector space and f = (f; | ... | f,) a super non degenerate 
symmetric bilinear super form on V associated with f is a 
natural super homomorphism of V into the dual super space 


Vv’ =(V,|...|V,), this super isomorphism being the 
transformation L, = (|e. LR). Using Lr show that for each 
super basis B = [B, | ... | Bn] = (a; Pei [psfOp eth, Jeon V¥ 
there exists a unique super basis B' = (; SAB Fea sare OO 
(B;|...|B.) of V such that 

f(a;,B;) = (f(a, Bi) |---| £,Ca;, Bi) =, |--- 18,3). 


Then show that for every super vector a = (a | ... | Gn) in V we 
have 


a-{ Dh tyal jlel ABD 
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= [Ena Bi |---| dof, (az, 0.) Be 


154. Let V, f, B and B, be as in problem (153); suppose T, = (T; | ... 
| T,) is a linear super operator on V and T! is the linear operator 


which f associates with T, given by f(T,a,B)=f(a, T/B) Le., 
(f,(T,o,,8,) |---| £, (0, B,)) = (a, 7; B,)|---1£, (4.57, B.)) 


(a) Show that [T’], =[T], 
UD re a i ee 


(b) super tr (T;) 
= super trace (T') = i (T,0,,B,) ie. 


(tr (1) |... | (Ty) = (tr(T)) |... (TD) 
= [Een By Zee) , 


155. Let V, f, B and B' be as in problem (153) suppose [f], = A 
Le., (fs, Lose (f,)n, ) = 


| 0 0 
0 | A, 0 
0 | 0 re 


Show that B, = (B, |---| B= DAY; 


~ Ean, cH Ie DADs «| 


ji 
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= [> (Ar) ji ct, age | DA :, Qi, 
a Jn 


= Y(A4);,0,;- 
j 
156. Let V=(V; |... | V,) be a finite (nj, ..., n,) dimensional super 
vector space over the field F and f = (f, | ... | f;) be a symmetric 


bilinear super form on V. For each super subspace W = (W, |... 
| Wn) of V let W* =(W, |...| W2) be the set of all super vector 
a =(o |... | On) in V such that f (a, B) = (fi (a1, Bi) |... | fr (On, 
B.,) in W show that 


a. W-~ isa super subspace 
b. V={0}" ie, (Vi |... | Va) = {{0}7 |... [{O}7 }. 


c. V~ =(V;|...|Vo)= {0|... | 0} if and only if f= (fi |... | 


f,) is super non degenerate i.e., if and only if each f; is non 
degenerate fori=1, 2, ...,n. 


d. super rank f = (rank fi, ..., rank f,) = super dim V - super 
dim V~ i.e., (dim V; —dim V,”, ..., dim V,—dim V.’). 


e. If super dim V = (dimV,, ..., dim V,) and super dim W = 
(dim W,, ..., dim W,) = (m, ..., M,) (m; < n; for i = 1, 2, 
..., n) then super dim W~ = (dim W,", ..., dim W;) > (m — 
mj, ..., 0, —M,). 
(Hint: If (5; eR Geen ... Bj, ) is a super basis of W = 
(W, |... | W,), consider the super map; 

(a; |... | On) > 
Cet 6.fOsh lle G@s8)s<at (ae BoD) 

of V into (F™ |...|F™). 
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f. The super restriction of f to W is super non degenerate if 
and only if 
WoaAW =(W,0W,' |...) W, AW,7) 
=(0|...| 0). 


g V=WOwW =(V,|...|V,)= (W, OW,’ |...|W, O W,”) 
if and only if the super restriction of f = (f, | ... | f,) to W = 
(W, | ... | Wy) is super non generate ie each f; to W; is non 
generate fori=1,2,...,n. 


157. Let S, and T, be super positive operators. Prove that every 
characteristic super value of S, T; is super positive. 


158. Prove that the product of two super positive linear operators 
T,U, = (T\U; | ... | TaU,) is positive if and only if they super 
commute i.e., if and only if T;U; = U;T; for every i= 1, 2, ..., n. 


159. If 
A, | 0 0 
Os cas 0 
A = 
0 | 0 A, 


is a super self adjoint (n; x nj, ..., Mx X Ny) Super diagonal matrix 
i.e., each Aj is an; x nj matrix; i= 1,2, ..., m. 

Prove that there is a real n-tuple of numbers c = (c), ..., Cy) 
such that the super diagonal matrix cl + A 


c1,+A, 0 0 
0 col, +A, 0 
0 0 c,1,+A, 


is super positive. 
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160. Obtain some interesting results on super linear algebra A = (A; | 


161. 


... | An) over the field of reals. 


Let V =(V, |... | Vn) be a finite (nj, ..., n,) dimensional super 
inner product space. If T, = (T, | ... | Ty) and U,; = (U; | ... | U,) 
are linear operators on V we write T, < U, if U- T=(U, —T, | 
... | U, — Ty) is a super positive operator ie each U; — T; is a 
positive operator on V;;1= 1, 2, ..., n. 

Prove the following 


a. T,<U, then U, <T, is impossible. 
b. IfT,<U, and U, < P, then T, < P,. 
c. IfT,<U; and 0 < P, ; it need not imply that P, T, < P,; Us. 


i.e., each P; T; < P; U; may not hold good for each i even if T; < 
U; and 0 < P; fori=1, 2,..., n. 
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